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Modeling and Analysis for Categorical Response Data

Siddhartha Chib

1. Introduction

In this chapter we discuss how Bayesian methods are used to model and analyze cate-
gorical response data. Asin other areas of statistics, the growth of Bayesian ideasin the
categorical data setting has been rapid, aided by developmentsin Markov chain Monte
Carlo (MCMC) methods (Gelfand and Smith, 1990; Smith and Roberts, 1993; Tanner
and Wong, 1987; Tierney, 1994; Chib and Greenberg, 1995), and by the framework
for fitting and criticizing categorical data models developed in Albert and Chib (1993).
In this largely self-contained chapter we summarize the various possibilities for the
Bayesian modeling of categorical response data and provide the associated inferential
techniques for conducting the prior—posterior analyses.

The rest of the chapter is organized as follows. We begin by including a brief
overview of MCMC methods. We then discuss how the output of the MCMC simu-
lations can be used to calculate the marginal likelihood of the model for the purpose
of comparing models via Bayes factors. After these preliminaries, the chapter turns to
the analysis of categorical response models in the cross-section setting, followed by
extensions to multivariate and longitudinal responses.

1.1. Elements of Markov chain Monte Carlo

Suppose that ¥ € %¢ denotes a vector of random variables of interest (typically con-
sisting of a set of parameters # and other variables) in a particular Bayesian model and
let m(Y|y) o< 7 (¥)p(y|¥r) denote the posterior density, where 7 (¥) is the prior den-
sity and p(y|¥) is the sampling density. Suppose that we are interested in calculating
the posterior mean n = [y ¥ (¥|y) dy and that this integral cannot be computed
analytically, or numerically, because the dimension of the integration precludes the use
of quadrature-based methods. To tackle this problem we can rely on Monte Carlo sam-
pling methods. Instead of concentrating on the computation of the above integral we
can proceed in a more general way. We construct a method to produce a sequence of
draws from the posterior density, namely

v ™~ 2yl
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Provided M islarge enough, this sample from the posterior density can be used to sum-
marize the posterior density. We can estimate the mean by taking the average of these
simulated draws. We can estimate the quantiles of the posterior density from the quan-
tiles of the sampled draws. Other summaries of the posterior density can be obtained in
asimilar manner. Under suitable laws of large numbers these estimates converge to the
posterior quantities as the simulation-size becomes large.

The sampling of the posterior distribution is, therefore, the central concern in
Bayesian computation. One important breakthrough in the use of simulation methods
was the realization that the sampled draws need not be independent, that simulation-
consistency can be achieved with correlated draws. The fact that the sampled variates
can be correlated is of immense practical and theoretical importance and is the defin-
ing characteristic of Markov chain Monte Carlo methods, popularly referred to by the
acronym MCMC, where the sampled draws form a Markov chain. The idea behind
these methods is simple and extremely general. In order to sample a given probability
distribution, referred to asthe target distribution, a suitable Markov chain is constructed
with the property that its limiting, invariant distribution, is the target distribution. Once
the Markov chain has been constructed, a sasmple of draws from the target distribution
is obtained by simulating the Markov chain a large number of times and recording its
values. Within the Bayesian framework, where both parameters and data are treated as
random variables, and inferences about the parameters are conducted conditioned on the
data, the posterior distribution of the parameters provides a natural target for MCMC
methods.

Markov chain sampling methods originate with the work of Metropolis et al. (1953)
in statistical physics. A vital extension of the method was made by Hastings (1970)
leading to amethod that is now called the Metropolis—Hastings algorithm (see Tierney,
1994 and Chib and Greenberg, 1995 for detailed summaries). This algorithm was first
applied to problemsin spatia statistics and image analysis (Besag, 1974). A resurgence
of interest in MCMC methods started with the papers of Geman and Geman (1984)
who developed an algorithm, a special case of the Metropolis method that later came
to be caled the Gibbs sampler, to sample a discrete distribution, Tanner and Wong
(1987) who proposed aM CM C scheme involving data augmentation to sample posterior
distributions in missing data problems, and Gelfand and Smith (1990) where the value
of the Gibbs sampler was demonstrated for general Bayesian problems with continuous
parameter spaces.

The Gibbs sampling algorithm is one of the smplest Markov chain Monte Carlo
algorithms and is easy to describe. Suppose that ¥, and ¥, denote some grouping
(blocking) of ¥ and let

m1(Y1ly, ¥2) X p(y|¥1, ¥o)m (V1. ¥2), (LY

m2(Yaly, ¥1) X p(y|¥1, ¥)m (¥, ¥o) (12

denote the associated conditional densities, often called the full conditional densities.
Then, one cycle of the Gibbs sampling algorithm is completed by sampling each of the
full conditional densities, using the most current values of the conditioning block. The
Gibbs sampler in which each block isrevised in fixed order is defined as follows.
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ALGORITHM (Gibbs Sampling
1 Specify an initial valuey© =@ yP):
2 Repeat for j=12,...,n0+G.
CGener at e 1ﬁ(” fr Omn1(1ﬁ1|y w(f by
CGener at e 1#(’) fromm(¥yly, w(’)
3 Return the val ues {y"0otD, 1/f(”0+2),...,¢("°+G)}.

In some problems it turns out that the full conditional density cannot be sam-
pled directly. In such cases, the intractable full conditional density is sampled via the
Metropolis—Hastings (M—H) algorithm. For specificity, suppose that the full conditional
density w (¥ 1|y, ¥,) isintractable. Let

q1(¥1. ¥1ly. ¥2)

denote aproposal density that generates acandidate ¥/, given the data and the val ues of
the remaining blocks. Then, in thefirst step of the jth iteration of the MCMC agorithm,
given the values (w(lf b w(f by from the previous iteration, the transition to the next
iterate of ¥4 isachieved asfollows.

ALGORITHM (Metropolis—Hastings step for sampling an intractabigy 1|y, ¥>)).
1 Propose a val ue for ¢y, by draw ng:

Vi~ a0y, v

2 Calcul ate the probability of m)vea(g[r(lj b L YPhly, 1/;” l)
gi ven by

min{l Wy 5 D@ v Py vy ) }
@y I D@V gy, p Y0
3 Set

() _ {wl with prob o (/™ D oylly. el 1>)7
! 'ﬁ(j D with prob 1 — a(rlf(’ D LYy, '/,(/ l))

A similar approach is used to sample ¥, if the full conditional density of ¥, is
intractable. These algorithms extend straightforwardly to problems with more than two
blocks.

1.2. Computation of the marginal likelihood

Posterior simulation by MCM C methods does not require knowledge of the normalizing
constant of the posterior density. Nonetheless, if we are interested in comparing alter-
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native models, then knowledge of the normalizing constant is essential. Thisis because
the formal Bayesian approach for comparing models is via Bayes factorsor ratios of
marginal likelihoods The marginal likelihood of a particular model is the normalizing
constant of the posterior density and is defined as

m(y) = f p(y16)7 () d8, (L3)

the integral of the likelihood function with respect to the prior density. If we have two
models M, and M, then the Bayes factor is the ratio

_ mGIM
myIM)

Computation of the marginal likelihood is, therefore, of some importance in
Bayesian statistics (DiCiccio et al., 1997, Chen and Shao, 1998, Roberts, 2001). It
is possible to avoid the direct computation of the marginal likelihood by the methods of
Green (1995) and Carlin and Chib (1995), but this requires formulating a more general
MCMC scheme in which parameters and models are sampled jointly. We do not con-
sider these approaches in this chapter. Unfortunately, because MCMC methods deliver
draws from the posterior density, and the marginal likelihood is the integral with respect
to the prior, the MCM C output cannot be used directly to average the likelihood. To deal
with this problem, anumber of methods have appeared in the literature. One simple and
widely applicable method is due to Chib (1995) which we briefly explain as follows.

Begin by noting that m (y) by virtue of being the normalizing constant of the posterior
density can be expressed as

_ 167 (67)
m(6%|y)
for any given point 6* (generally taken to be a high density point such as the posterior

mode or mean). Thus, provided we have an estimate 77 (6*|y) of the posterior ordinate,
the marginal likelihood can be estimated on the log scale as

(1.4)

m(y) ; (L5)

logm(y) =log p(y|0*) + logm (6*) — log# (6*|y). (1.6)

In the context of both single and multiple block MCMC chains, good estimates of the
posterior ordinate are available. For example, when the MCMC simulation is run with
B blocks, Chib (1995) employs the marginal—conditional decomposition

7(0%1y) =7 (011y) x - x 7 (071y, O] 1) x - x 7w (051y, OF 1), (1.7)
where the typical term is of the form
7(071y. ©F 1)
= /n(aﬂyv @?(71» @i+l, Z)?T(@H’l, Z| ¥, @?71) d@i+l dZ.

In the latter expression ©@; = (01, ..., 0)and @ = @,, ..., 0 p) denote the list of
blocks up to i and the set of blocks from i to B, respectively, and z denotes any latent
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data that is included in the sampling. This is the reduced conditional ordinate. It is
important to bear in mind that in finding the reduced conditional ordinate one must
integrate only over (@'*1, z) and that the integrating measure is conditioned on o7

Consider first the case where the normalizing constant of each full conditional den-
sity is known. Then, the first term of (1.7) can be estimated by the Rao-Blackwell
method. To estimate the typical reduced conditional ordinate, one conducts a MCMC
run consisting of the full conditional distributions

{7 (8ily, @7 1.0, 2);...im(05]y. ©F 1. 6;,....05-1.2);
7(zly, @71, 0"}, (1.8)

where the blocks in ©;_; are set equal to @}_;. By MCMC theory, the draws on
(@1, z) from this run are from the distribution 7(@'*1, z|y, ® ;) and so the re-
duced conditional ordinate can be estimated as the average

#(071y, M, ©F —ljij (071y. ©F_,, @10 7))

over thesimulated values of ©@ 1 and z from the reduced run. Each subsequent reduced
conditional ordinate that appears in the decomposition (1.7) is estimated in the same
way though, conveniently, with fewer and fewer distributions appearing in the reduced
runs. Given the marginal and reduced conditional ordinates, the marginal likelihood on
thelog scaleis available as

log i (y| M)

=log p(y16*, M) + log (6* ngn 0%y, M, O7F_,), (1.9)
i=1

where p(y|0*) isthe density of the data marginalized over the latent data z.

Consider next the case where the normalizing constant of one or more of the full
conditional densitiesis not known. In that case, the posterior ordinate is estimated by
a modified method developed by Chib and Jeliazkov (2001). If sampling is conducted
in one block by the M—H algorithm with proposal density ¢ (@, 6’|y) and probability of
move

; . 0'\y)q', 00D
(@Y Dy)g@®Y D, 0'ly)

then it can be shown that the posterior ordinate is given by
0 E1{a(0,0%y)q(8,0%|y)}
( | ) k ’
Ex{a(07,0]y)}

where the numerator expectation E; is with respect to the distribution 7 (|y) and the
denominator expectation E» is with respect to the proposal density ¢(0*, 8|y). This
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|eads to the simulation consistent estimate
M LYY a(@©,6%1y)q(09, 0%|y)
T a0%,0D)y)

7(0%]y) = (1.10)

where '¢) are the given draws from the posterior distribution while the draws %) in
the denominator are from ¢ (0™, 6|y), given the fixed value 6*.

In general, when sampling is done with B blocks, the typical reduced conditional
ordinateis given by

n(071y, ©F 1)
_ Eifa(0;, 671y, ©F 1,01, 2)q;(0;, 671y, ©F 1,01, 7))
EZ{a(afa 0i |y7 @;'kflv @i+17 Z)}

. (112

where E1 is the expectation with respect to 7 (@', z|y, ©;_;) and E- that with re-
spect to the product measure 7 (@11, z|y, 0)q; (67, 8;|y, ©F_;, ©1). The quantity
0,07y, ©F 4, ©*1 ) isthe M—H probability of move. The two expectations are
estimated from the output of the reduced runsin an obvious way.

2. Binary responses

Suppose that y; is abinary {0, 1} response variable and x; is a k vector of covariates.
Suppose that we have a random sample of n observations and the Bayesian model of
interest is

yilB~ @(x;B), i<n,
B ~ Ni(Bo, Bo),

where @ is the cdf of the N (0, 1) distribution. We consider the case of the logit link
below. On letting p; = @ (x}B), the posterior distribution of g is proportional to

7(Bly) ocx(B) [ [ ' (2= p) ™7,
i=1
which does not bel ong to any named family of distributions. To deal with thismodel, and
othersinvolving categorical data, Albert and Chib (1993) introduce a technique that has
led to many applications. The Albert—Chib algorithm capitalizes on the simplifications
afforded by introducing latent or auxiliary datainto the sampling.
Instead of the specification above, the model is re-specified as

ailB ~ N(xiB. 1),
vi=1lz >0, i<n,
B ~ Ni(Bo. Bo). 1)
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This specification is equivaent to the binary probit regression model since

Pr(y; = llx;, B) = Pr(z; > Olx;, B) = @(xB),

asrequired.

Albert and Chib (1993) exploit this equivalence and propose that the latent variables
z = {z1, ..., za}, one for each observation, be included in the MCMC algorithm along
with the regression parameter 8. In other words, they suggest using MCMC methods to
sample the joint posterior distribution

N
7(B.zly) o<t (B) [ [N (zilxiB, 1) Pr(yilzi, B).
i=1
The term Pr(y;|z;, B) is obtained by reasoning as follows: Pr(y; = 0|z;, 8) is one if
z; < O(regardless of the value taken by B) and zero otherwise —but thisisthe definition
of 1(z; < 0). Similarly, Pr(y; = 1|z;, B) isoneif z; > 0, and zero otherwise — but this
isthe definition of 7 (z; > 0). Collecting these two cases we have therefore that

N
w(z, Bly) ot (B) [ [N (zilxiB. {1 zi < O + I(z > 0}
i=1
The latter posterior density is now sampled by a two-block Gibbs sampler composed of
the full conditional distributions

zly, B; Bly. z.

Even though the parameter space has been enlarged, the introduction of the latent vari-
ables simplifies the problem considerably. The second conditional distribution, i.e.,
Bly, z, is the same as the distribution 8|z since z implies y, and hence y has no ad-
ditional information for 8. The distribution 8|z is easy to derive by standard Bayesian
results for a continuous response. The first conditional distribution, i.e., z|y, B, factors
into n distributions z;|y;, 8 and from the above is seen to be truncated normal given the
value of y;. Specifically,

pilyi, B) o N (zi|x/B, D)1 (zi < O +1(z; > 0)}

which implies that if y; =0, the posterior density of z; is proportiona to
N (zilx:B, DIz < 0], atruncated normal distribution with support (—oo, 0), whereas
if y; = 1, the density is proportiona to N(zi|x§ﬂ, 1)I[z > 0], atruncated normal
distribution with support (0, co). These truncated normal distributions are simulated by
applying the inverse cdfmethod (Ripley, 1987). Specificaly, it can be shown that the

- wroo o8 su(o(1) - 0(S1))] @2

where @1 is the inverse cdf of the AV(0, 1) distribution and U ~ Uniform(0, 1), is
from aN (i, o'2) distribution truncated to the interval (a, b).

The Albert—Chib algorithm for the probit binary response model may now be sum-
marized as follows.
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ALGORITHM 1 (Binary probit link modél.
1 Sanple

zilyi. B o N (zilxiB. ) {1 (zi <O +1(z >0}, i<n
2 Sanpl e

n n -1
ﬁ|z"’~/\/k<Bn<Balﬂ0+inZi),Bn: (Bal—Finx;) )
i=1

i=1
3 Gtol

EXAMPLE. Consider thedatain Table 1, taken from Fahrmeir and Tutz (1994), whichis
concerned with the occurrence or nonoccurence of infection following birth by cesarean
section. Theresponse variable y isoneif the cesarean birth resulted in an infection, and
zero if not. The available covariates are three indicator variables: x1 is an indicator for
whether the cesarean was nonplanned; x» is an indicator for whether risk factors were
present at the time of birth and x3 is an indicator for whether antibiotics were given as
a prophylaxis. The data in the table contains information from 251 births. Under the
column of the response, an entry such as 11/87 means that there were 98 deliveries with
covariates (1, 1, 1) of whom 11 developed an infection and 87 did not.

Let us model the binary response by a probit model, |etting the probability of infec-
tion for the ith birth be given as

Pr(yi = 1lx;, ) = @(x;B),

where x; = (1, x;1, x;2, x;3)" is the covariate vector, B = (Bo, B1, B2, B3) is the vector
of unknown coefficientsand @ isthe cdf of the standard normal random variable. Let us
assume that our prior information about 8 can be represented by a multivariate normal
density with mean centered at zero for each parameter, and variance given by 51 4, where
14 isthe four-dimensional identity matrix.

Algorithm 1 isrun for 5000 cycles beyond a burn-in of 100 iterations. In Table 2 we
provide the prior and posterior first two moments, and the 2.5th (lower) and 97.5th (up-
per) percentiles, of the marginal densities of 8. Each of the quantitiesis computed from
the posterior draws in an obvious way, the posterior standard deviation in the table is

Table1

Cesarean infection data

y (1/0) x1 X2 x3
11/87 1 1 1
1/17 0 1 1
0/2 0 0 1
23/3 1 1 0
28/30 0 1 0
0/9 1 0 0
8/32 0 0 0
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Table 2
Cesarean data: Prior—posterior summary based on 5000 draws
(beyond aburn-in of 100 cycles) from the Albert—Chib algorithm

Prior Posterior

Mean Stddev Mean Stddev Lower  Upper
Bo 0.000 3.162 —1.100 0.210 —1523 —0.698
B1 0.000 3.162 0.609 0.249 0.126 1.096

p2 0.000 3.162 1.202 0.250 0.712 1.703
Bz 0.000 3.162 —1.903 0.266 —2.427 —1.393
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Fig. 1. Cesarean data with Albert—Chib algorithm: Marginal posterior densities (top panel) and autocorrela-
tion plot (bottom panel).

the standard deviation of the sampled variates and the posterior percentiles are just the
percentiles of the sampled draws. As expected, both the first and second covariates in-
crease the probability of infection while the third covariate (the antibiotics prophylaxis)
reduces the probability of infection.

To get an idea of the form of the posterior density we plot in Figure 1 the four
marginal posterior densities. The density plots are obtained by smoothing the histogram
of the simulated values with a Gaussian kernel. In the same plot we aso report the
autocorrelation functions (correlation against lag) for each of the sampled parameter
values. The autocorrel ation plots provide information of the extent of serial dependence
in the sampled values. Here we see that the seria correlations decline quickly to zero
indicating that the sampler is mixing well.

2.1. Marginal likelihood of the binary probit

The marginal likelihood of the binary probit model is easily calculated by the method
of Chib (1995). Let B* = E(B|y), then from the expression of the marginal likelihood
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in (1.6), we have that
Inm(y) = Inz(B*) +Inp(y|B*) —Inz (B*y),

where thefirst term isIn A, (8*|Bo, Bo), the second is
Z yiln®(x;*) + (1 — y)(1— In®(x;B%))
i=1

and the third, which is

In/rr(ﬂlz)ﬂ(ZIy)dZ

isestimated by averaging the conditional normal density of 8 in Step 2 of Algorithm 1 at
the point B* over the simulated values {z(¢)} from the MCMC run. Specifically, letting
7(B*|y) denote our estimate of the ordinate at B* we have

M n
#(B*ly) = MlZNk(.B*an<Balﬂo + inz,?g)), Bn).

i=1 i=1

2.2. Other link functions

The preceding algorithm is for the probit link function. Albert and Chib (1993) showed
how it can be readily extended to other link functions that are generated from the scale
mixture of normals family of distributions. For example, we could let

zilB. A ~ N (x}B, A7),
yvi=1[z; > 0], i<n,
B ~ Ni(Bo, Bo),

v vV
r~G(= = 2,
)
inwhich case Pr(y; = 1|8) = F; ., (x,B), where F, ,, isthe cdf of the standard-t distrib-

ution with v degrees of freedom. Albert and Chib (1993) utilized this setup withv = 8
to approximate the logit link function. In this case, the posterior distribution of interest

is given by
vy
2’2

x {I(zi <O +1(z > 0)}

N
w(z. A, Bly) o w(B) [ [V (zilx}B. xﬁ)Q(xi
i=1

which can be sampled in two-blocks as

(z, M)y, B; Bly,z, A,

where A = (A1,..., Axn). The first block is sampled by the method of composi-
tion by sampling z;|y;, 8 marginalized over A; from the truncated student-r density
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T, (zilx; B, D{I (z; < 001 +1(z; > 0)*}, followed by sampling 4;|z;, B from an up-
dated Gamma distribution. The second distribution is normal with parameters obtained
by standard Bayesian resullts.

ALGORITHM 2 (Student binary model.

1 Sanpl e
@
zilyi. B o Ty (zilxB. D {I (zi < O + I (z; > 0)}
(b)
Mm,ﬁw(”;l, ”“Z"Z_x;ﬁ)z), P <n
2 Sanmpl e

n n -1
Blz, A ~Nk<Bn (BalﬂoJFZAixiZi)’ B, = <351+ Z)"'x"x;> )

i=1 i=1
3 Goto 1

Chen et al. (1999) present a further extension of this idea to model a skewed link
function while Basu and Mukhopadhyay (2000) and Basu and Chib (2003) model the
distribution of A; by a Dirichlet process prior leading to a semiparametric Bayesian
binary datamodel. Thelogistic normal link function is considered by Allenby and Lenk
(1994) with special reference to data arising in marketing.

2.3. Marginal likelihood of the student-t binary model

The marginal likelihood of the student-¢ binary model is also calculated by the method
of Chib (1995). It is easily seen from the expression of the marginal likelihood in (1.6)
that the only quantity that needs to be estimated is 7 (8*|y), where * = E(B8*|y). An
estimate of this ordinate is obtained by averaging the conditional normal density of g in
Step 2 of Algorithm 2 at the point 8* over the simulated values {z(¢’} and {Alfg)} from
the MCMC run. Specifically, letting 7 (8*|y) denote our estimate of the ordinate at 8*
we have

M n
#(B*ly) =M1 Y N (Bff) (Balﬂo + Zx?’)xiz;@), BEP),

i=1 i=1

where

-1
n
B = (Bgl+ fo.g)x,-x;) .

i=1
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3. Ordinal response data

Albert and Chib (1993) extend their algorithm to the ordinal categorical data case where
y; can take one of thevalues {0, 1, ..., J} according to the probabilities

Pr(yi < jIB,¢)=F(cj—x;B), j=01...,J, (3.2)

where F is some link function, say either @ or F; ,. In this model the {c;} are cat-
egory specific cut-points such that ¢cg = 0 and ¢; = oo. The remaining cut-points

¢=(c,...,cj—1) are assumed to satisfy the order restriction ¢1 < --- < ¢y—1 Which
ensures that the cumulative probabilities are nondecreasing. Given data y1, . . ., y, from
this model, the likelihood function is
J
pIB.o) =[] [T [F(ej —xiB) = Flej-1—xiB)] (32)
j=0izyi=j

and the posterior density is proportional to (8, ¢) p(y|B, ¢), where (B, ¢) isthe prior
distribution.

Simulation of the posterior distribution is again feasible by the tactical introduction
of latent variables. For the link function F; ,, we introduce the latent variables z =
(21, -, 2n), Where z;|B, A; ~ N(x; B, A;"1). A priori, we observe y; = j if the latent
variable z; fallsin the interval [c;_1, c;). Define §;; = 1if y; = j, and O otherwise,
then the posterior density of interest is

v v
2’ 2)

N
7(z. 1, B.cly) (B o) [ [N (zilxiB, x;l)g(xi
i=1

7
x izl(cz—l <z < Cl)gil}»

=0

wherec_1 = —oo. Now the basic Albert and Chib MCMC scheme draws cut-points, the
latent data and the regression parametersin sequence. Albert and Chib (2001) simplified
thelatter step by transforming the cut-points so asto remove the ordering constraint. The
transformation is defined by the one-to-one map

ar =loger; aj =log(c; —cj_1), 2<j<J -1 (3.3)

The advantage of working with a instead of ¢ is that the parameters of the tailored pro-
posal density in the M—H step for a can be obtained by an unconstrained optimization
and the prior 7 (a) on a can be an unrestricted multivariate normal. Next, given y; = j
and the cut-points the sampling of the latent data z; isfrom 7, (x;8, DI (cj—1 < z; <
c¢j), marginalized over {1;}. The sampling of the parameters g isasin Algorithm 2.

ALGORITHM 3 (Ordinal student link modgl
1 MH
(a) Sanple
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J
(aly, B) @ [T [T [Frvlej = xiB) = Fin(cj-1— x}B)]

Jj=0i:yi=j

p(ylB.a)
with the MH al gorithm by cal cul ating

m = argmaxlog p(y|B, a)

and V ={—dlog f(y|B,a)/dada’}"1 t he negative inverse
of the hessian at m, proposing

a ~ fr(alm,V,§),

for sone choice of & cal cul ating

n(a)p(ylB,a’) T,(alm,V, §&) }

m(@)p(y|B.a) T,(a'\m,V, &)
and nmoving toa’with probability a(a,d|y, B),then
transforming the newato ¢ via the inverse map
cj =2 ep@) 1<j<J -1

(b) Sanple

ala,dly, B) = min{

J
zilyi. B. ¢ o< T, (zi X} B, 1){21@1_1 <z < cn‘”l}, i<n

1=0
(c) Sanple

v4+1 v+ (z —xéﬂ)2>

Ai')’i,zi,ﬂ7c"“g< 2 s 2 lén

2 Sampl e

n n -1
Blz, A ~ Ni (Bn (Balﬂo + inx,-z,), B, = (Bal + Zx,-x,-x;> )
i=1

i=1
3 Goto 1

3.1. Marginal likelihood of the student-t ordinal model

The marginal likelihood of the student-t ordinal model can be calculated by the method
of Chib (1995) and Chib and Jeliazkov (2001). Let B* = E(B|y) and ¢* = E(c*|y)
and let a* be the transformed ¢*. Then from the expression of the marginal likelihood
in (1.6) we can write

Inm(y) = Inz(B*, a*) +Inp(y|p*, ¢*) — In7(a*|y) — In7 (B*|y, a*).
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The marginal posterior ordinate r (a*|y) from (1.11) can be written as

. Ei{a(a,a*|y, B)T,(a'lm,V, &)}
n(a |y) = E * ’
2fa(a*, aly, B)}

where E; is the expectation with respect to = (8|y) and E> is the expectation with
respect to 7w (B|y, a*)7,(alm,V, &). The E1 expectation can be estimated by draws
from the main run and the E» expectation from a reduced run in which a is set to a*.
For each value of B in this reduced run, a is also sampled from 7, (a|m, V, &); these
two draws (namely the draws of g8 and a) are used to average a(a*, aly, B). Thefina
ordinate 7 (B*|y, a*) is estimated by averaging the normal conditional density in Step 2
of Algorithm 3 over the values of {z;} and {);} from this same reduced run.

4. Sequential ordinal model

The ordinal model presented above is appropriate when one can assume that a sin-
gle unobservable continuous variable underlies the ordinal response. For example, this
representation can be used for modeling ordinal letter grades in a mathematics class
by assuming that the grade is an indicator of the student’s unobservable continuous-
valued intelligence. In other circumstances, however, adifferent latent variabl e structure
may be required to model the ordinal response. For example, McCullagh (1980), and
Farhmeir and Tutz (1994) consider a data set where the relative tonsil size of children
is classified into the three states: “present but not enlarged”, “enlarged”, and “greatly
enlarged”. The objective is to explain the ordina response as a function of whether
the child is a carrier of the Streptococcus pyogenes. In this setting, it may not be ap-
propriate to model the ordinal tonsil size in terms of a single latent variable. Rather, it
may be preferable to imagine that each response is determined by two continuous latent
variableswhere thefirst latent variable measures the propensity of thetonsil to grow ab-
normally and pass from the state “ present but not enlarged” to the state “enlarged”. The
second latent variable measures the propensity of the tonsil to grow from the “ enlarged”
to the “greatly enlarged” states. Thus, the final “greatly enlarged” state is realized only
when the tonsil has passed through the earlier levels. This latent variable representa-
tion leads to a sequentialmodel because the levels of the response are achieved in a
sequential manner.

Suppose that one observes independent observations y1, ..., y,, where each y; is
an ordinal categorical response variable with J possible values {1, ..., J}. Associ-
ated with the ith response y;, let x; = (x;1, ..., x;x) denote a set of k covariates. In
the sequentia ordinal model, the variable y; can take the value j only after the levels
1, ..., j—1arereached. In other words, to get to the outcome j, one must pass through
levels1, 2, ..., j — 1and stop (or fail) inlevel j. The probability of stoppinginlevel j
(1< j < J —1),conditional on the event that the jth level isreached, is given by

Pr(yi = jlyi = j.8,¢) = F(cj — x8), (4.1

where ¢ = (c1, ..., cyj—1) are unordered cutpoints and x;8 represents the effect of the
covariates. This probability function is referred to as the discrete time hazard function
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(Tutz, 1990; Farhmeir and Tutz, 1994). It follows that the probability of stopping at
level j isgiven by

Pr(y; = jl6,¢) = Pr(y; = jlyi =2 j,8,¢) Pr(y; = j)
j—1

= Flej—x8) [[{1- Fla—xj8)}. j<J/-1 (42)
k=1

whereas the probability that the final level J isreached is

J-1

Pr(yi = J18,¢) = [ [{1 - F(a — x}8)}, (4.3)
k=1

sincethe event y; = J occurs only if all previous J — 1 levels are passed.

The sequentia model isformally equivalent to the continuation-ratio ordina models,
discussed by Agresti (1990, Chapter 9), Cox (1972) and Ten Have and Uttal (2000). The
sequential model is useful in the analysis of discrete-time survival data (Farhmeir and
Tutz (1994), Chapter 9; Kalbfleish and Prentice, 1980). More generally, the sequential
model can be used to model nonproportional and nonmonotone hazard functions and to
incorporate the effect of time dependent covariates. Suppose that one observes the time
to failure for subjectsin the sample, and | et the timeinterval be subdivided (or grouped)
intothe J intervals|ag, a1), [a1, a2), ..., [aj_1, 00). Then one definestheevent y; = j
if afailureisobserved intheinterval [a;_1, a;). The discrete hazard function (4.1) now
represents the probability of failure in the time interval [a;_1, a;) given surviva until
time a;_1. The vector of cutpoint parameters ¢ represents the baseline hazard of the
process.

Albert and Chib (2001) develop afull Bayesian analysis of this model based on the
framework of Albert and Chib (1993). Supposethat F isthe distribution function of the
standard normal distribution, leading to the sequentia ordinal model. Corresponding to
the ith observation, define latent variables {w;; }, where w;; = x8 + ¢;; and thee;; are
independently distributed from N (0, 1). We observe y; = 1if w;1 < ¢1, and observe
y; = 2if thefirst latent variable w;1 > ¢1 and the second variable w;2 < ¢2. In general,
weobservey; = j(1 < j < J —1) if thefirst j — 1 latent variables exceed their
corresponding cutoffs, and the jth variable does not: y; = j if w1 > c1,..., wijj—1 >
cj—1, wij < cj.Inthis mode, the latent variable w;; represents one’s propensity to
continue to the (j + 1)st level in the sequence, given that the individual has aready
attained level j.

This latent variable representation can be simplified by incorporating the cutpoints
{y;} into the mean function. Define the new latent variable z;; = w;; — c¢;. Then it
follows that z;;|B ~ N(xgjﬂ, 1), where x;j = (0,0,...,-1,0,0,x}) with =1 in
the jth column, and 8 = (cy,...,cy_1,8")". The observed data are then generated
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according to
1 if zi1 <0,
2 if zi1 > 0,22 <0,
yi=1: : (4.4)
J—1 ifz;i1>0,...,ziy—2>0,z5-1 <0,
J ifz;1>0,...,z;7-1> 0.

Following the Albert and Chib (1993) approach, this model can be fit by MCMC meth-
ods by simulating the joint posterior distribution of ({z;;}, B). The latent data {z;;},
conditional on (y, B), are independently distributed as truncated normal. Specifically,
if yi = j, then the latent data corresponding to this observation are represented as
zi = (zi1, ..., zij;) where j; = min{j, J—1} and thesimulation of z; isfrom asequence
of truncated normal distributions. The posterior distribution of the parameter vector 8,
conditional on the latent dataz = (z1, ..., z,), hasasimple form. Let X; denote the
covariate matrix corresponding to the ith subject consisting of the j; I’OWle Loeens x’.

If B isassigned amultivariate normal prior with mean vector 8, and covariance matrlx
By, then the posterior distribution of 8, conditional on z, is multivariate normal.

ALGORITHM 4 (Sequential ordinal probit modgl
1 Sanple zlyi=j,B
@I1f y=1,sanple
zi1lyi, B x N (xj18, 1)1 (zi1 < 0)
b Ify=j@2<j<J-1),sanple
ziklyi. BoXN(x;B. ) (zix >0), k=1,....j—1
zijlyi, B o N(x}; 8, 1)1 (zij < 0)
(©If y;=J,sanpl e
ziklyi, B X N (xjB. D)1 (zix > 0), k=1,...,J =1
2 Sampl e

n n -1
Blz ~ Ni (B,,(Bglﬁo + ngz,), B, = (351 + ngx,-) )

i=1 i=1
3 Goto 1

Albert and Chib (2001) present generalizations of the sequential ordinal model and
also discuss the computation of the marginal likelihood by the method of Chib (1995).

5. Multivariate responses

One of the considerable achievements of the recent Bayesian literature is in the de-
velopment of methods for multivariate categorical data. A leading case concerns that
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of multivariate binary data. From the frequentist perspective, this problem is tackled
by Carey et a. (1993) and Glonek and McCullagh (1995) in the context of the mul-
tivariate logit model, and from a Bayesian perspective by Chib and Greenberg (1998)
in the context of the multivariate probit (MVP) model (an analysis of the multivariate
logit model from a Bayesian perspective is supplied by O’ Brien and Dunson, 2004). In
many respects, the multivariate probit model, along with its variants, is the canonical
modeling approach for correlated binary data. This model was introduced more than
twenty five years ago by Ashford and Sowden (1970) in the context of bivariate binary
responses and was analyzed under simplifying assumptions on the correlation struc-
ture by Amemiya (1972), Ochi and Prentice (1984) and L esaffre and Kaufmann (1992).
The general version of the model was considered to be intractable. Chib and Greenberg
(1998), building on the framework of Albert and Chib (1993), resolve the difficulties.

The MVP model provides arelatively straightforward way of modeling multivariate
binary data. In this model, the marginal probability of each responseis given by a pro-
bit function that depends on covariates and response specific parameters. Associations
between the binary variables are incorporated by assuming that the vector of binary
outcomes are a function of correlated Gaussian variables, taking the value one if the
corresponding Gaussian component is positive and the value zero otherwise. This con-
nection with alatent Gaussian random vector means that the regression coefficients can
be interpreted independently of the correlation parameters (unlike the case of log-linear
models). The link with Gaussian datais also helpful in estimation. By contrast, models
based on marginal odds ratios Connolly and Liang (1988) tend to proliferate nuisance
parameters as the number of variables increase and they become difficult to interpret
and estimate. Finally, the Gaussian connection enables generalizations of the model to
ordinal outcomes (see Chen and Dey, 2000), mixed outcomes (Kuhnert and Do, 2003),
and spatial data (Fahrmeir and Lang, 2001; Banerjee et al., 2004).

5.1. Multivariate probit model

Let y;; denote a binary response on the ith observation unit and jth variable, and let
yi = i1, ..., yi7), 1 < i < n, denote the collection of responses on al J vari-
ables. Also let x;; denote the set of covariates for the jth response and g; RFi the
conformable vector of covariate coefficients. Let ' = (B}, ..., B)) € R, k = X k;
denote the complete set of coefficients and let X' = {0} denotea J x J correlation
matrix. Finally let

xi, o ... 0O
X — 0 xj, 0 0O
1 — . . . .
o o - x
denotethe J x k covariate matrix on the ith subject. Then, according to the multivariate
probit model, the marginal probability that y;; = 1is given by the probit form

Pr(yij = 118) = @(x};8,)
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and the joint probability of a given outcome y;, conditioned on parameters 8, ¥, and
covariates x;;, is

Proulg. 2) = [ .. [Asi0. Dyar (5.1)
Aig Ai1
where A (¢]0, X) isthe density of a J-variate normal distribution with mean vector 0
and correlation matrix X and A;; istheinterval

s (=00, xi;8;) ity =1,
gy — .

/ [xgjﬂj,oo) |fyl~j:0.
Note that each outcome is determined by its own set of k; covariates x;; and covariate
effects B ;.

The multivariate discrete mass function presented in (5.1) can be specified in terms
of latent Gaussian random variables. This aternative formulation also forms the basis

(5.2)

of the computational scheme that is described below. Let z; = (z;1, ..., z;y) denote a
J-variate normal vector and let

zi ~Nj(XiB, X). (5.3)
Now let y;; be 1 or 0 according to the sign of z;;:

)’1]=](Z1]>0)’ J:l,,] (54)
Then, the probability in (5.1) may be expressed as

/M/Mmmﬂm%, (55)

Bij Bi1

where B;; istheinterval (0, oo) if y;; = 1andtheinterval (—oo, O] if y;; = O. Itiseasy
to confirm that this integral reduces to the form given above. It should also be noted
that due to the threshold specification in (5.4), the scale of z;; cannot be identified.
As a conseguence, the matrix X must be in correlation form (with units on the main
diagonal).

5.2. Dependence structures

Onebasic question inthe analysis of correlated binary dataisthefollowing: How should
correlation between binary outcomes be defined and measured? The point of view be-
hind the MVP model is that the correlation is modeled at the level of the latent data
which then induces correlation amongst the binary outcomes. This modeling perspec-
tiveisboth flexible and general. In contrast, attemptsto model correlation directly (asin
the classical literature using marginal odds ratios) invariably lead to difficulties, partly
because it is difficult to specify pair-wise correlationsin general, and partly because the
binary data scaleis not natural for thinking about dependence.

Within the context of the MVP model, alternative dependence structures are easily
specified and conceived, due to the connection with Gaussian latent data. Some of the
possibilities are enumerated below.
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e Unrestricted form. Here X' is fully unrestricted except for the unit constraints on the
diagonal. The unrestricted ¥ matrix has J* = J(J — 1)/2 unknown correlation
parameters that must be estimated.

e Equicorrelated form. In this case, the correlations are al equal and described by a
single parameter p. This form can be a starting point for the analysis when one is
dealing with outcomeswhere are all the pair-wise correlations are believed to have the
same sign. The equicorrelated model may be also be seen as arising from a random
effect formulation.

o Toeplitz form. Under this case, the correlations depend on a single parameter p but
under the restriction that Corr(z;x, zi;) = p'*~!I. This version can be useful when the
binary outcomes are collected from alongitudinal study whereit is plausible that the
correlation between outcomes at different dates will diminish with thelag. In fact, in
the context of longitudinal data, the X' matrix can be specified in many other forms
with analogy with the correlation structures that arise in standard time series ARMA
modeling.

5.3. Student-t specification

Now suppose that the distribution on the latent z; ismultivariate- with specified degrees
of freedom v. Thisgivesriseto amodel that may be called the multivariate-¢ link model.
Under the multivariate-r assumption, z; |8, ¥ ~ 7,(X; 8, X) with density

1 —(v+J)/2
T, (zi|B. %) |z|—1/2{1+ ~(zi = XiB) Tz — X,-m} . (56)
As before, the matrix X isin correlation form and the observed outcomes are defined
by (5.4). The model for the latent z; may be expressed as a scale mixture of normals by
introducing arandom variable ; ~ G(3, 3) and letting

zilB, X, 2 ~ Ny(XiB. 2 E). (5.7)
Conditionally on A;, thismodel is equivalent to the MVP model.

5.4. Estimation of the MVP model

Consider now the question of inference in the MVP model. We are given a set of data
on n subjects with outcomes y = {y;}?_; and interest centers on the parameters of the
model = (B, X)) and the posterior distribution 7 (8, X|y), given some prior distribu-
tion (B, X) on the parameters.

To simplify the MCMC implementation for this model Chib and Greenberg (1998)
follow the general approach of Albert and Chib (1993) and employ the latent variables
zi ~ Nj(X;B, X), with the observed data given by y;; = I(z;; > 0), j = 1,...,J.
Leto = (012, 031,032, ...,0y) denotethe J(J — 1)/2 distinct elements of X. It can
be shown that the admissible values of o (that lead to a positive definite ¥ matrix)
form a convex solid body in the hypercube [—1, 1]7. Denotethisset by C. Now let z =
(z1, ..., 2x) denote the latent values corresponding to the observed data y = {y;}!_;.
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Then, the algorithm proceeds with the sampling of the posterior density
n(B,o,zly) xn(B,0)f(z|B, X)Pr(ylz, B, X)

(B, o) [ [(¢silB, 2)Pr(y;lzi. B, X)), BeR, oeC,

i=1
where, akin to the result in the univariate binary case,

J
Pr(yilzi. B. ) = [ [{1zij <O + 1 (zij > 0}
j=1

Conditioned on {z;} and ¥, the update for B is straightforward, while conditioned
on (B, %), z;; can be sampled one at a time conditioned on the other latent values
from truncated normal distributions, where the region of truncation is either (0, co) or
(—o0, 0) depending on whether the corresponding y;; isoneor zero. Thekey stepinthe
algorithm isthe sampling of o, the unrestricted elements of ¥, from the full conditional
density w(o|z, B) « p(o)[]i_1 Ns(zilXiB. X). This density, which is truncated to
the complicated region C, is sampled by a M—H step with tailored proposal density
q(olz, ) = T,(o|m, V, &) where

n
m = arg Lngé(Z;IHNJ(ZiIXiﬂ, %),
i=

dodo’

are the mode and curvature of the target distribution, given the current values of the
conditioning variables.

v _{ 023", InN (zi X8, ) }‘1

o=m

ALGORITHM 5 (Multivariate probitf).
1 Sanple fori<n,j<J

2ijZic—jys By B o< N (wij, vip) {1 (zij < OOY70 + I(z;; > 0)%7}
wij = Ezijlzi—j, B, X)
vij = Var(zijlzic—j, B, X)
2 Sanpl e

Blz. B, X ~ N (B,, (Bglﬂo +y X;E—lz,-), B,,),

i=1
wher e

-1
n
B, = (Bgl +y X;z—lx;1>

i=1
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3 Sanple

7(lz, B) & p(o) | [Ny (zil XiB, X)

i=1

bytheM H al gorithm cal cul ati ng the paraneters (m, V),
proposingo’ ~ 7,(o|m,V,&),cal cul ating

Ol(U,U/U’v ﬁ9{zi})
_ min{n(o’) [T Vo @il XiB. 2 1Mo’ € C1 Ty(a|m. V. £) 1}
7(0) [La N @IXiB, ) To(o'lm, V., §)

andmovingto ¢’w th probabilitya(s,d’|y, B, {z:})
4 Goto 1

ExXAMPLE. Asan application of this algorithm consider a data set in which the multi-
variate binary responses are generated by a panel structure. The datais concerned with
the health effects of pollution on 537 children in Stuebenville, Ohio, each observed at
ages 7, 8, 9 and 10 years, and the response variable is an indicator of wheezing status.
Suppose that the marginal probability of wheeze status of the ith child at the jth time
point is specified as

Pr(yij = 1IB) = @(Bo + Prx1ij + Bax2ij + Baxzij), i <3537, j <4,

where B is constant across categories, x1 is the age of the child centered at nine
years, x» is a binary indicator variable representing the mother’s smoking habit dur-
ing the first year of the study, and x3 = x1x2. Suppose that the Gaussian prior on
B = (B1, B2, B3, Ba) is centered at zero with a variance of 101, and let 7 (o) be the
density of a normal distribution, with mean zero and variance Ig, restrictedto region
that leads to a positive-definite correlation matrix, where (o721, 031, 632, 041, 042, 043).
From 10,000 cycles of Algorithm 5 one obtains the following covariate effects and pos-
terior distributions of the correlations.

Table 3

Covariate effects in the Ohio wheeze dataz MV P model with unrestricted
correlations. In the table, NSE denotes the numerical standard error, lower
is the 2.5th percentile and upper is the 97.5th percentile of the simulated
draws. The results are based on 10000 draws from Algorithm 5

Prior Posterior

Mean Stddevn Mean NSE  Stddev Lower Upper
B1 0000 3162 —1.108 0001 0.062 —-1231 -0.985
B> 0000 3162 —0.077 0.001 0.030 —-0.136 —0.017
B3 0000 3162 0.155 0.002 0.101 —0.043 0.352

B4 0000 3162 0.036 0.001 0.049 —0.058 0.131
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Fig. 2. Posterior boxplots of the correlationsin the Ohio wheeze data: MV P model.

Notice that the summary tabular output contains not only the posterior means and
standard deviations of the parameters but also the 95% credibility intervals, all com-
puted from the sampled draws. It may be seen from Figure 2 that the posterior dis-
tributions of the correlations are similar suggesting that an equicorrelated correlation
structure might be appropriate for these data.

5.5. Marginal likelihood of the MVP model

The calculation of the marginal likelihood of MVP model is considered by both Chib
and Greenberg (1998) and Chib and Jeliazkov (2001). The main issue is the calculation
of the posterior ordinate which may be estimated from

m(o*, B*|y) = m(a*|y)m (B*|y. Z¥),
where thefirst ordinate (that of the correlations) is not in tractable form. To estimate the
marginal ordinate one can apply (1.11) leading to

. Ei{a(o,0'ly, B, {zi)Tu(0'|lm, V, &)}
m(a*ly) = , ,
Ex{a(o*, oly, B, {zi})}
wherea (o, 0’|y, B, {z;}) isthe probability of move defined in Algorithm 5. The numer-

ator expectation can be calculated from the draws {89, {z\*'}, o®)} from the output of
Algorithm 5. The denominator expectation is calculated from a reduced run consisting
of the densities

n(Bly. {zi}, £*);  w({zitly, B. Z¥),
after X isfixed at ¥*. Then for each draw

ﬂ(j), 7z~ ﬂ(ﬂ, zly, Z*)
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in this reduced run, we also draw /) ~ T, (o |m, V, &). These draws are used to av-
erage a(o*, o |y, B, {zi}). In addition, the sampled variates {8/, z(/} from this same
reduced run are also used to estimate = (8*|y, X*) by averaging the normal density in
Step 2 of Algorithm 5.

5.6. Fitting of the multivariate t-link model

Algorithm 5 is easily modified for the fitting of the multivariate-t link version of the
MV P model. One simple possibility isto include the {A;} into the sampling since condi-
tioned on the value of %;, the t-link binary model reduces to the MV P model. With this
augmentation, one implements Steps 1-3 conditioned on thevalue of {1;}. Thesampling
is completed with an additional step involving the simulation of {1;}. A straightforward
calculation shows that the updated full conditional distribution of A; is

v+J v+ @ - XiB)'Z T @ - XiB)

s , 1 <n,
2 2

which is easily sampled. The modified sampler thus requires little extra coding.

)"i|zi’ ﬂ’ X~ g(

5.7. Binary outcome with a confounded binary treatment

In many problems, one central objective of model building is to isolate the effect of
a binary covariate on a binary (or categorical) outcome. Isolating this effect becomes
difficult if the effect of the binary covariate on the outcome is confounded with those of
missing or unobserved covariates. Such complications are the norm when dealing with
observational data. As an example, suppose that y; isazero-one variable that represents
post-surgical outcomes for hip-fracture patients (one if the surgery is successful, and
zero if not) and x; isan indicator representing the extent of delay before surgery (one if
the delay exceeds say two days, and zero otherwise). In this case, it is quite likely that
delay and post-surgical outcome are both affected by patient factors, e.g., patient frailty,
that are usually either imperfectly measured and recorded or absent from the data. In
this case, we can model the outcome and the treatment assignment jointly to control for
the unobservable confounders. The resulting model is similar to the MVP model and is
discussed in detail by Chib (2003).
Briefly, suppose that the outcome model is given by

yi=1(zyy1+xiB+e), i<n, (5.8)

and suppose that the effect of the binary treatment x; is confounded with that of un-
observables that are correlated with ¢;, even after conditioning on z3;. To model this
confounding, let the treatment assignment mechanism be given by

Xi = I(Z;)’ + Mi),

where the confounder u; is correlated with ¢; and the covariate vector z; = (z1;, z2;)
containsthe variables zy; that are part of the intake model but not present in the outcome
model. These covariates are called instrumental variables. They must be independent of
(&, u;) given z1; but correlated with theintake. Now suppose for simplicity that thejoint
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distribution of the unobservables (¢;, u;) is Gaussian with mean zero and covariance
matrix 2 that isin correlation form. It is easy to see, starting with the joint distribution
of (¢;, u;) followed by achange of variable, that this set-up isa special case of the MVP
model. It can be estimated along the lines of Algorithm 5.

Chib (2003) utilizes the posterior draws to calculate the average treatment effect
(ATE) which is defined as E (y;1lz1i, Y1, B) — E(yiolz1i, ¥1, B), where y;; is the out-
comewhenx; = j. Thesearethe so-called potential outcomes. From (5.8) it can be seen
that the two potential outcomes are y;o = 1(z,¥1 + &) ad y;1 = 1(z},¥1 + B + &)
and, therefore, under the normality assumption, the difference in expected values of the
potential outcomes conditioned onz1; and ¥ = (4, B) is

E(yitlze, ¥) — E(yiolzui, ¥) = @ (23,71 + B) — ®(z,71).
Thus, the ATE is

ATE = /{@(z’lyl + B) — ®(21¥1) }r(z1) dza, (5.9

where 7 (z1) isthe density of z1 (independent of ¥ by assumption). Calculation of the
ATE, therefore, entails an integration with respect to z1. In practice, a simple idea is
to perform the marginalization using the empirical distribution of z1 from the observed
sample data. If we are interested in more than the difference in expected value of the
potential outcomes, then the posterior distribution of the ATE can be obtained by evalu-
ating the integral as a Monte Carlo average, for each sampled value of (y ¢, 8) from the
MCMC agorithm.

6. Longitudinal binary responses

Consider now the situation in which one is interested in modeling longitudinal (uni-
variate) binary data. Suppose that for the ith individual at time ¢, the probability of
observing the outcome y;; = 1, conditioned on parameters §, and random effects 8,;,
isgiven by

Pr(yi: = 1B;) = @ (x1: 81+ wir B2;),

where @ isthe cdf of the standard normal distribution, x1;; is a k1 vector of covariates
whose effect is assumed to be constant across subjects (clusters) and w;, isan additional
and distinctg vector of covariates whose effects are cluster-specific. The objectiveisto
learn about the parameters and the random effects given n subjects each with a set of
measurements y; = (yi1, - - -, Yin;)’ Observed at n; pointsin time. The presence of the
random effects ensures that the binary responses are correlated. Modeling of the data
and the estimation of the model is aided once again by the latent variable framework
of Albert and Chib (1993) and the hierarchical prior modeling of Lindley and Smith
(1972).
For the ith cluster, we define the vector of latent variable

zi=X1uB1+WiBy +ei. e ~N,(O1,),
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and let

yir = Izir > O],

wherez; = (zi1, - - -, zin;)’s X1; iSan; x kg, and W; isn; x q.

In this setting, the effects §1 and B,; are estimable (without any further assumptions)
under the sequential exogeneigsumption wherein ¢;, is uncorrelated with (x1;;, w;;)
given past values of (x1;;, w;;) and B;. In practice, even when the assumption of se-
guential exogeneity of the covariates (x1;;, w;;) holds, it isquite possible that there exist
covariates a;: r x 1 (with an intercept included) that are correlated with the random-
coefficients B;. These subject-specific covariates may be measurements on the subject
at baseline (time ¢t = 0) or other time-invariant covariates. In the Bayesian hierarchical
approach this dependence on subject-specific covariates is modeled by a hierarchical
prior. One quite general way to proceed is to assume that

B
B21i a; 0O 0\ | B bi1
B2oi 0 a o ) bi2
S I R | -
Bogi 0 0 - - a ﬁ: big
Bai Ai=1®d, _\2,q_J b;
B2

or in vector—-matrix form

Boi = AiB>+ bi,

where A; isaq x kp matrix, k = r x q, B = (Bo1, B2, .-, Byy) isa(kz x 1)-
dimensiona vector, and b; is the mean zero random effects vector (uncorrelated with
A; and ¢;) that is distributed according to the distribution (say)

bi|D ~ N, (0, D).

This is the second stage of the model. It may be noted that the matrix A; can be the
identity matrix of order ¢ or the zero matrix of order ¢. In this hierarchical model, if
A; isnot the zero matrix then identifiability requires that the matrices X1; and W; have
no covariates in common. For example, if the first column of W; is a vector of ones,
then X1; cannot include an intercept. If A; isthe zero matrix, however, W; istypicaly
asubset of X1;. Thus, the effect of a; on B21; (the intercept) is measured by 54, that
on B21; is measured by B, and that on Bz, by B, .

Inserting the model of the cluster-specific random coefficients into the first stage
yields

yi=XiB+Wib; +e,
where

X=Xy W;A) withB = (8185,
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asisreadily checked. We can complete the model by making suitabl e assumptions about
the distribution of &;. One possibility isto assume that

& ~ Nn,’(o’ In,)
which leads to the probit link model. The prior distribution on the parameters can be
specified as

B~ Ni(Bo, Bo), D™t ~W,(po, R),
where the latter denotes a Wishart density with degrees of freedom pp and scale ma-
trix R.

The MCMC implementation in this set-up proceedsby includingthez = (z1, ..., zx)

in the sampling (Chib and Carlin, 1999). Given z the sampling resembles the steps of
the continuous response longitudinal model. To improve the efficiency of the sampling

procedure, the sampling of the latent data is done marginalized over {b;} from the con-
ditional distribution of z;;|z; (-, yir, B, D, where z;(—) isthe vector z; excluding z;;.

ALGORITHM 6 (Gaussian—Gaussian panel propit
1 Sanple

@
ZitlZi=o), Vies Be D o< N (uig, vi) {1 (zir < O 4 I(zir > 0)"}
wit = Eitlzi—1), B, D)
vir = Var(zit|zi(—r), B, D)

(b)
n
Blz, D ~ N (Bn (Bolﬂo +Y X Vilzi>, B)
i=1
B -1
B, = (Bgl +Y X v;lxi) ;. Vi=1I, +W;DW,
i=1
©
bily,B.D ~ Ny(DiW(z; — X;B),D;), i<N
D= (D t+wiw)!
2 Sanmpl e
D7y, B. {bi} ~ Wylpo+ n. Ry}
wher e

n -1
R, = <R51+ Zbib;>

i=1
3 Goto 1
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The model with errors distributed as student-¢

&i|A; ~ A/n,- (0, )Viln,-)»

) G VvV v
Ni 22
and random effects distributed as student-¢

b:|D,n; ~ Ny (0,n71D),

Vb Vb
~Gl =, =2
n~6(2.%)

can aso be tackled in ways that parallel the developments in the previous section. We
present the algorithm for the student—student binary response panel model without com-
ment.

ALGORITHM 7 (Student—Student binary pael
1 Sanpl e

@
ZitlZi(=1), Vies Bo D o< N (uig, vi) {1 (zir < Ot 4 1z > 0)%ir}
wir = Ezirlzi(=n, B, D, Xi, ni)
vir = Var(zit|zic—r), B, D, A, 0;)

(b)
Blz, D{ni}, {ni} ~ Nk(Bn (Balﬂo +)_X] V,-—lzi), Bn)
i=1
wher e

-1
n
B, = (Bol +Y X V,.1X,~) . Vi=AT, 4+ 07 W, DW;

i=1
(©)
bilzi. B. D, hi,ni ~ Ny(DiWiki(zi — XiB). D;)
wher e
D; = (mD_l + )»iW;Wi)_l
2 Sampl e
@

v+n; v+ee; .
, 1<n

)"l|yvﬁ7{bl}wg( 2 s 2

wheree; = (z; — X;B — W;B,)
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(b)

b, Db,
mlbi,Dwg(w};q,vb—i_ ’2 l), i<n
3 Sanple

D7z, B, (i}, (M), (ni} ~ Wylpo +n, Ry}
wher e

n -1
R, = (Ral + Z mbib§>

i=1
4 Coto 1

Related modeling and analysis technigues can be devel oped for ordinal longitudinal
data. In the estimation of such models the one change is a M—H step for the sampling
of the cut-points, similar to the corresponding step in Algorithm 3. It isalso possiblein
this context to let the cut-points be subject-specific; an exampleis provided by Johnson
(2003).

6.1. Marginal likelihood of the panel binary models

The calculation of the marginal likelihood is again straightforward. For example, in the
student—student binary panel model, the posterior ordinate is expressed as

7 (DY, B*ly) = = (D~ |y)x (B*|y, D¥),
where the first term is obtained by averaging the Wishart density in Algorithm 7 over
draws on {b;}, {1;} and z from the full run. To estimate the second ordinate, which

is conditioned on D*, we run a reduced MCMC simulation with the full conditional
densities

7 (zly. B, D*, (7:}): w(Blz, D*, {A:}, (ni});

7 ({bi}lz, B. D*, {3}, {ni}): w ({Mi), {mi}lz, B, D¥),
where each conditional utilizes the fixed value of D. The second ordinate is now esti-

mated by averaging the Gaussian density of 8 in Algorithm 7 at 8* over the draws on
(z, {b;}, {ri}, {n;}) from this reduced run.

7. Longitudinal multivariate responses

In some circumstances it is necessary to model a set of multivariate categorical out-
comes in alongitudinal setting. For example, one may be interested in the factors that
influence purchase into a set of product categories (for example, egg, milk, cola, etc.)
when atypical consumer purchases goods at the grocery store. We may have alongitu-
dinal sample of such consumers each observed over many different shopping occasions.
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On each occasion, the consumer has a multivariate outcome vector representing the (bi-
nary) incidence into each of the product categories. The available data also includes
information on various category specific characteristics, for example, the average price,
display and feature values of the major brands in each category. The goal is to model
the category incidence vector as a function of available covariates, controlling for the
heterogeneity in covariates effects across subjects in the panel. Another example of
multidimensional longitudinal data appears in Dunson (2003) motivated by studies of
an item responses battery that is used to measure traits of an individual repeatedly over
time. The model discussed in Dunson (2003) allows for mixtures of count, categorical,
and continuous response variables.

To illustrate a canonical situation of multivariate longitudinal categorical responses,
we combine the MVP model with the longitudinal models in the previous section. Let
¥;, represent a J vector of binary responses and suppose that we have for each subject
i at eachtimer, acovariate matrix X1;; intheform

Xy, 0 .. 0
. 0 ¥y, OO
lit = . . .
o 0 - Xy
where each x1j;; has k1; elements so that the dimension of Xy;; is J x k1, where
k1= Z]le k1;. Now suppose that there is an additional (distinct) set of covariates W,
whose effect is assumed to be both response and subject specific and arranged in the
form
9 9y S
W 0 w, O 0
it = . . . .

00w,
where each wj;; has ¢q; elements so that the dimension of W;; is J x ¢, where
qg= ij.zlqj. Also suppose that in terms of the latent variables z;;: J x 1, the model

generating the data is given by

Zit = X1iuB1+ Wit Bo; + €ir,  €ir ~ N;(, X),
such that

vjir = 1lzjir > 0I, j<J,
and where

B11 Bo1i

B2 Booi

B = tk1x1 and By = . |igx 1

By Boyi
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To model the heterogeneity in effects across subjects we can assume that

B
’3211. Ay 0 e e 0 1322 bi1
B2 0 Ay -0 . bz
. = . . . + . 9
BZJi 0 0 cee e Ay : b;;
— 2J
Boiigx1 A gxko —— b gx1
ﬂz: kox1

where each matrix A j; isof theform I, ® a’; for somer; category-specific covariates
a;;. Thesize of the vector 8, isthenk, = Z{:l q; x rj. Substituting this model of the
random-coefficientsinto the first stage yields

zit = XuB + Wih; +eir, & ~N;(O, X),
where

Xir = (X1ir, Wit Aj)
and 8 = (B4, By): k x 1. Further assembling all n; observations on the ith subject for
atota of n} = J x n; observations, we have

zi=XiB+ Wb t+e, e ~Nyz0 2 =1I,Q®2),

where z; = (zj1,...,zin;) 7} x L, X; = (xgl,...,xgm)’: nt x k,and W; =
(Wi, ..., Wi, )"t nf x g. Apart from the increase in the dimension of the problem,

the model is now much like the longitudinal model with univariate outcomes. The fit-
ting, consequently, parallels that in Algorithms 6 and 7.

ALGORITHM 8 (Longitudinal MVB.
1 Sanpl e
@
ZitlZi—), Yie, Bo 2, D o< N (i, Uiz){I(Zit <O)YVi 4 Iz > O)y"’}
wir = E(Zirlzi=1)» B.X.D)
vir = Var(zit|zi(-n, B, X, D)

(b)
Blz, X, D ~ N (B,, (Bglﬁo +Y X v,.‘lzi), Bn)
i=1
wher e

-1

n

B, = (Bgl - ZXW;U(,») ; V=2 +W,DW,
i=1
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©
bilzi, B, X, D ~ N, (D:W. 2 (zi — X:B), D;)
wher e
D, = (Dt Wi tw,)
2 Sampl e

D7z, B, {bi} ~ W,lpo +n, Ry}
wher e

B -1
R, = <R51+ Zb,-b;)

i=1
3 Goto 1

8. Conclusion

This chapter has summarized Bayesian modeling and fitting techniques for categorical
responses. The discussion has dealt with cross-section models for binary and ordinal
data and presented extensions of those models to multivariate and longitudinal re-
sponses. In each case, the Bayesian MCMC fitting technique is simple and easy to
implement.

The discussion in this chapter did not explore residua diagnostics and model fit
issues. Relevant ideas are contained in Albert and Chib (1995, 1997) and Chen and
Dey (2000). We aso did not take up the multinomial probit model as, for example,
considered in McCulloch et al. (2001), or the class of semiparametric binary response
models in which the covariate effects are modeled by regression splines or other related
means and discussed by, for example, Wood et a. (2002), Holmes and Mallick (2003)
and Chib and Greenberg (2004). Fitting of all these models relies on the framework of
Albert and Chib (1993).

In the Bayesian context it isrelatively straightforward to compare aternative models.
In this chapter we restricted our attention to the approach based on marginal likelihoods
and Bayes factors and showed how the marginal likelihood can be computed for the
various models from the output of the MCMC simulations. Taken together, the models
and methods presented in this chapter are atestament to the versatility of Bayesian ideas
for dealing with categorical response data.
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