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Abstract
The standard Bayesian model is defined in
terms of an outcome model and the prior den-
sity of the parameters. The latter depends on
parameters called hyperparameters.
A hierarchical Bayes model results when one
or more of the hyperparameters are assumed to
be random and modelled probabilistically. We
discuss canonical versions of these models for
the case when both the parameters and the
hyperparameters are modelled in groups or
blocks, provide relevant examples, and discuss
how inference by Markov chain Monte Carlo
methods makes even the fitting of complex
hierarchical models practical and simple. The
problem of model comparisons is also
addressed.
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Suppose that y is a univariate random variable or
multivariate random vector and y is a
d-dimensional parameter vector that lies in D , a
subset ofRd. The standard Bayesian model is then
defined in terms of the density of y given y (the
outcome model) and the prior density of y (the
prior model). Specifically, the Bayesian model is
specified as

yjy � p yjyð Þ outcome model : stage 1ð Þ (1)

yjg � p yjgð Þ prior model : stage 2ð Þ (2)

where g is the vector of parameters in the prior
density. These are called hyperparameters. We can
assume that g is g-dimensional and lies in G , a
subsetRg. The labelling of the outcome model as
stage 1 and the prior model as stage 2 is arbitrary,
and the numbering can be reversed. The outcome
model may be called the top or bottom level of the
model because this difference in nomenclature has
no significance.

Suppose that the researcher is not able to spec-
ify one or more of the hyperparameters in g. In that
case, the unknown hyperparameters can be
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assumed to be random and modelled probabilisti-
cally. This modelling of the hyperparameters
leads to what is called a Bayesian hierarchical
model (Berger 1985; Lehmann and Casella
1998). The simplest version of a Bayesian hierar-
chical model is defined in terms of the ingredients

yjy � p yjyð Þ outcome model : stage 1ð Þ (3)

yjg � p yjgð Þ prior model : stage 2ð Þ (4)

g l � cðgj jl� hyperparameter model : stage 3ð Þ;
(5)

where c(g|l) is the prior density of g. The hyper-
parameters l in the stage 3 model are assumed
known. In effect, a hierarchical model is a way of
modelling the outcomes and the parameters
through a sequence of easily interpretable steps.

In practice, it is often helpful to divide y into
natural groups or blocks (y1; y2, . . ., yp), where,
for instance, y1 consists of the regression coeffi-
cients, y2 the scale parameters and yp the covari-
ance parameters. Each of these separate blocks
may then be modelled independently in terms of
prior densities p(yj|g). In turn, g may also be
grouped into blocks (g1,. . ., gq) and, in the third
stage, modelled independently through the densi-
ties c(gj|l). The resulting three-stage hierarchical
model then has the form

yjy � p yjyð Þ outcome model : stage 1ð Þ (6)

yjg � ∏
p

j¼1

p yjjg
� �

prior model : stage 2ð Þ (7)

gjl � ∏
q

j¼1

c gjjl
� �

hyperparameter model : stage 3ð Þ:

(8)

This specification may be considered as the
canonical hierarchical Bayes model.

Example 1 (Gaussian linear regression model).
Suppose that y = (y1,. . .,yn) is a vector of obser-
vations and y consists of the two blocks (b, s2),

where b is a k-vector of regression parameters.
Now let

yjy � Nn yjXb, s2Inð Þ
yjg � Nk bjb0,B0ð ÞIG� s2j v0

2
,
d0
2

� �
;

where

Nk bjb0,B0ð Þ ¼

2pð Þ�k=2
exp � 1

2
b� b0ð ÞB�1

0 b� b0ð Þ
� �

is the k-variate normal density, X is the n � k
matrix of covariates and

IG s2j v0
2
,
d0
2

� �
¼ d0=2ð Þ v0=2ð Þ

G v0=2ð Þ
1

s2

� � v0=2ð Þþ1

exp � d0
2s2

� �
,s2 > 0

is the inverse-gamma density. In this case, the
hyperparameters g consist of the four blocks of
parameters (b0, B0, v0, d0). The top level of the
model is the model of the outcome and the bottom
level the model of y. If it is not possible to fix the
value of b0, for example, one may specify a prior,
b0|l ~ Nk(b0|b00, B00), where the hyper-
parameters of the third stage l = (b00, B00) are
pre-specified. Further discussion along these lines
is provided by Lindley and Smith (1972).

Since the difficulty of specifying hyper-
parameters in the second stage model of the
model arises in almost all applications, hierarchi-
cal Bayes modelling is of special interest and
importance in Bayesian analysis. To further fix
the ideas, the following example, which we
develop further below, is instructive and should
be studied carefully.

Example 2 (Gaussian clustered data model).
Clustered data arise when n observations are
available for each subject i (i � n) in the sample.
For example, in the panel or longitudinal set-up,
there are observations across time for each sub-
ject. Let the observations on the ith subject be
denoted by yi ¼ yi1, . . . , yini

� �
. Assume that the
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observations are continuous. Binary or ordinal
responses can be dealt with in much the same
way by adopting the framework of Albert and
Chib (1993). The data for all n subjects are col-
lected in the vector y = (y1,. . .,yn). It is common
in this context to allow for unique cluster-specific
effects. Let Wi ¼ wi1, . . . ,winið Þ0 be a nt � q
matrix of observations on q covariates wij whose
effect on y is assumed to be cluster-specific. Also
suppose that X1i is an additional ni � k1 matrix of
observations on k1 covariates whose effect on y is
assumed to be non-cluster-specific (fixed effect).
Then under the assumption that the observations
across clusters are independent, a model for the
outcomes is

yjy � ∏
n

i¼1

Nni yijXi1b1 þWib2i,s
2Ini

� �
;

where the b2i are the cluster-specific effects. If the
numbers of clusters is large, as is usual in prac-
tice, it is useful to assume that the effects b2i have
some structure. One possibility is to assume that
the b2i are drawn from a common distribution

b2ijg � Nq b2,Dð Þ

independently across i. This is called the
exchangeability assumption since the joint distri-
bution of the b2i is invariant to permutation of the
indices. Another possibility is the assumption that
the b2i are determined by a set of r cluster-specific
covariates at:

b2ijg � Nq Aib2,Dð Þ

where

Ai ¼
a0i 00 . . . . . . 00

00 a0i . . . . . . 00

⋮ ⋮ ⋮ ⋮ ⋮
00 00 . . . . . . a0i

0BB@
1CCA;

b2 = b21,b22, . . .,b2q) is a k2 = r � q-dimensional
vector and D, as in the first example, is a q � q
matrix. Writing the second stage model in
equivalent form as b2i = Aib2 + bi, where bi|
D ~ Nq(0, D), and substituting this into the

outcome model, it follows that the outcome
model can be expressed as

yjy � ∏
n

i¼1

Nni yijXibþWibi, s2Ini
� �

;

where y = (b,s2,b1,. . ., bn), Xi = (X1i :WiAi) is a
ni � k matrix (k = k1 + k2) and b = (b1, b2).
The second stage of the model could now be
specified as

yjg � Nk bjb0,B0ð ÞIG s2jv0=2, d0=2
� �

∏
n

i¼1

Nq bij0,Dð Þ:

Next suppose that there is enough prior
information to fix (b0, B0, v0, d0), but that
D (equivalently D�1) cannot be fixed directly.
Then g = D�1. A convenient assumption is

gjl � Wishartq D�1jr0,R0

� �
;

where

Wishartq D�1jr0,R0

� � ¼ c
D�1
�� �� r0�q�1ð Þ=2

R0j jr0=2

exp � 1

2
trace R�1D�1

� �� �
, jD�1j > 0;

is the q-variate Wishart density,

c ¼ 2r0q=2pq q�1ð Þ=4∏
T

i¼1

G
r0 þ 1� i

2

� �� ��1

is its normalizing constant, and the stage 3 hyper-
parameters l = (r0, R0) are known. Under these
assumptions the full model is given by

yjy � ∏
n

i¼1

Nni yijXibþWibi, s2Ini
� �

(9)

yjg � Nk bjb0,B0ð ÞIG s2jv0=2, d0=2
� �

∏
n

i¼1

Nq bij0,Dð Þ (10)

gjl � Wishartq D�1jr0,R0

� �
: (11)

Putting a prior distribution on the
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hyperparameters g in this way has several advan-
tages. For one, it produces a prior distribution on y
that is less dogmatic than a prior based on speci-
fied hyperparameters since the resulting prior dis-
tribution of y is averaged over the possible values
of g as dictated by the density c(g|l):

p yjlð Þ ¼
ð
p yjgð Þc gjlð Þdg:

If the hyperparameter g is a scalar discrete
quantity with support on the set {g1,. . ., gG},
where G is potentially infinite, then the mixing
density c(g | l) is a probability mass function of

the type
XG

j¼1
pjdgj , where dgj is the indicator

function of gj, 0 � pj � 1 and
XG

j¼1
pj ¼ 1. The

resulting conditional density p(y|l) is then a mix-
ture of densities of the form

p yjlð Þ ¼
XG
j¼1

pjp yjgj
� �

:

In this context, p(y|gj) are called the component
densities and pj are the component weights. Such
mixtures of component densities provide a simple
mechanism for modelling y in a flexible way.

Of course, one could have started at the outset
with the prior p(y| l) by combining stages 2 and
3, leading to the collapsed model

yjy � p yjyð Þ (12)

yjl �
ð
p yjgð Þc gjlð Þ dg; (13)

which has the same structure as the standard
2-stage Bayesian model. This is not done, how-
ever, because the density of y| l, even if tractable,
is generally less easy to manage.

Example 3 (Gaussian linear regression model
and Student-t prior). Suppose that y = (y1, . . ., yn)
is a vector of observations and y = (b, s2), where
b is a scalar regression parameter. Assume that

y y � Nnðyj jXb,s2In
�

yjg � N bjb0,B0ð ÞIG s2j v0
2
,
d0
2

� �
B�1
0 � G B�1

0 j v
2
,
v

2

	 

where G(� | �, �) is the gamma density and the
quantities (b0, v0, d0) and v are known. Then the
density of b marginalized over B�1

0 is Student-t, T
(b|b0, 1, v), with location b0, dispersion 1 and v
degrees of freedom. This Student-t prior density is
not conjugate with the outcome model and there-
fore cumbersome to deal with.

Bayesian hierarchical models can have addi-
tional stages. For instance, a further stage can be
added by placing a prior density on l, which leads
to the model

yjy � p yjyð Þ outcome model : stage 1ð Þ
(14)

yjg � ∏
p

j¼1

p yjjg
� �

prior model : stage 2ð Þ (15)

gjl� ∏
q

j¼1

c gjjl
� �

hyperparametermodel : stage 3ð Þ:

(16)

l � d lð Þ hyperparameter model 2 : stage 4ð Þ;
(17)

where d is the density of l. Models with more than
four stages are rare.

Posterior Distributions

In a Bayesian analysis one is interested in deriving
and summarizing the posterior distribution of y
given y. One obvious question concerns the form
of this posterior distribution. Another question
concerns the posterior distribution of the hyper-
parameters g. Consider the canonical three-stage
hierarchical model in (6)–(8). By Bayes’s
theorem,
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p yjyð Þ ¼ p yjyð Þp yð Þ
m yð Þ ;

where n yð Þ ¼
ð
p yjgð Þp gjlð Þ dg and m yð Þ ¼ð

p yjyð Þp yð Þ dy , called the marginal likelihood,

is the normalizing constant. Similarly, the poste-
rior distribution of g is

p gjyð Þ ¼ p yjgð Þp gjlð Þ
m yð Þ ;

where p yjgð Þ ¼
ð
p yjyð Þp yjlð Þ dy . Before we

discuss the tractability of these distributions we
state a general result about how much information
the data y supply about y and g beyond what is
introduced by the prior densities p(y) and p(g|l).
To measure this information we can use the
Kullback–Leibler (KL) divergence measure,
which, for any two densities f and g, is defined as

K f , gð Þ ¼ Ef log
f

g
;

where Ef is the expectation with respect to the
density f. The following result was proved by
Goel and Degroot (1981). The result and proof
can also be found in Lehmann and Casella (1998).

Theorem 1 For the three-stage hierarchical
model,

K p gjyð Þ,p gð Þ½ � < K p yjyð Þ, p yð Þ½ �:

This result states that the KL divergence
between p(y|y) and p(y) is greater than between
p(g|y) and p(g). In other words, the data supply
more information about y than they do about g.
Equivalently, the prior and the posterior of g are
closer than the prior and the posterior of y. This
implies that less learning is possible about the
hyperparameters g than about the parameters y.

Much less can be said about the form of the
posterior densities. In general, the posterior den-
sities p(y|y) and p(g|y) are not tractable. But if

we consider the density of yj given (y,g) and
y–j = (y1,. . ., yj–1, yj+1,. . .,yp), we have

p yjjy, g, y�j

� � / p yjyð Þp yjjg
� �

;

which is in closed form provided the prior density
p(yj|g) is conjugate with p(y|y). The density p(yj|y,
g, y–j) is called the full conditional density of yj.
Of course, the marginal density,

p yjjy
� � ¼ ð p yjjy, g, y�j

� ��yÞ dg dy�j;

where the mixing distribution is the marginal pos-
terior distribution of (g, y–j), is almost never avail-
able in closed form.

The same sort of difficulty arises infindingp(g|y).
The problem is that the prior p(g|l) generally does
not combine with p(y|g) to produce a recognizable
density. Nonetheless, just as in the case of yj, the
calculations are easier if one considers the full con-
ditional density of gj. To see this, note that

p gjjy, y, g�j

� � / p yjyð Þp yjgð Þp yjjl
� �

/ p yjgð Þp yjjl
� �

;

where the second line follows from the fact that
the outcome model in stage 1 is free of g. Thus,
provided p(yj|l) is conjugate with p(y|g), the full
conditional density of gj can be derived in
closed form.

Example 4 Consider again the clustered data
model given in (9)–(11). The full conditional den-
sity of bi is obtained as

p bijy, y�bi , gð Þ / p yjyð Þp bijgð Þ
/ Nni yijXibþWibi,s2Ini

� �
Nq bij0,Dð Þ;

which, by standard Bayesian manipulations, is
seen to be a Nq bijbbi,Bi

	 

density, where

Hierarchical Bayes Models 5



bbi ¼ Biðs�2W0
i yi � Xibð Þ and

Bi ¼ D�1 þ s�2W0
i Wi

� ��1
:

Turning now to the full conditional density of
D�1, we obtain

p D�1jy, y� � ¼ p D�1j bif g� � / p bf gjD�1
� �

p D�1jl� � / ∏
n

i¼1

Nq bij0,Dð Þ Wishartq D�1jv0,R0

� �
¼ Wishartq D�1jr0 þ n, R�1

0 þ
Xn
i¼1

bib
0
i

 !�1
0@ 1A;

where in the first line we have used the fact that
the full conditional density of D�1 depends nei-
ther on y nor on b; in the second line, Bayes’s
theorem; in the third line, substitutions for the
needed densities; and in the fourth line, by obser-
vation that the product of the normal and Wishart
prior densities is an updated Wishart distribution
with the stated parameters.

Computational Issues

Difficulties in the computation of the marginal
posterior densities of yj and gj were previously
an impediment to the development and applica-
tion of hierarchical Bayesian models. These diffi-
culties have largely been resolved through the use
of Markov chain Monte Carlo (MCMC) methods.
These methods typically proceed by simulating
the full conditional distributions, p(yj|y, g, y–j)
and p(gj|y, y, g–j). Under general conditions, the
recursive simulation of these distributions pro-
duces a Markov chain whose limiting invariant
distribution is the posterior density of interest,
p(y; g |y).

Although it is not possible in this discussion to
provide the theory behind MCMC methods, as
outlined in Tierney (1994), and Chib and
Greenberg (1995), or the range of hierarchical
Bayes models that have been thus processed, it
is useful to illustrate the computations with the
help of the simplest MCMCmethod, the so-called
Gibbs sampling algorithm. This algorithm was
introduced by Geman and Geman (1984) in the

context of image processing, but the papers of
Tanner and Wong (1987) and Gelfand and Smith
(1990) brought it into the limelight.

Suppose that the various blocks {yj} and {gj}
are chosen to ensure that the associated set of
full conditional densities {p(yj|y, y–j, g)} and
{p(gj|y, y, g–j)} are all tractable. Then one cycle
of the Gibbs sampling algorithm is completed by
simulating {yj} and {gj} from each full condi-
tional distribution, recursively updating the con-
ditioning variables while moving through the set
of distributions. The Gibbs sampler in which each
block is revised in fixed order is defined as
follows.

Algorithm: Gibbs Sampling

1. Specify an initial value y 0ð Þ ¼ y 0ð Þ
1 , . . . , y 0ð Þ

p

	 

and g 0ð Þ ¼ g 0ð Þ

1 , . . . , g 0ð Þ
q

	 

.

2. Repeat for j = 1,2, . . ., n0 + M:

Generate y1
(j) from p y1jy, y j�1ð Þ

2 , . . . ,
	

y j�1ð Þ
p , g j�1ð ÞÞ

Generate y2
(j)from p y2jy, y jð Þ

1 , y j�1ð Þ
3 . . . ,

	
y j�1ð Þ
p , g j�1ð ÞÞ

⋮
Generate yp

(j) from p ypjy, y jð Þ
1 , y jð Þ

2 . . . ,
	

y jð Þ
p�1, g

j�1ð ÞÞ
Generate g1

(j) from p g1jy, y jð Þ, g j�1ð Þ
2 , . . . ,

	
g j�1ð Þ
q Þ

Generate g2
(j) from p g2jy, y jð Þ, g jð Þ

1 , g j�1ð Þ
3 . . . ,

	
g j�1ð Þ
q Þ

⋮
Generate gq

(j) from p gqjy, y jð Þ, g jð Þ
1 , . . . , g jð Þ

q�1

	 

.

3. Return the values y n0þ1ð Þ, g n0þ1ð Þ, y n0þ2ð Þ,
n

gðn0
þ2
�
, . . . , y n0þMð Þ, g n0þMð Þg.

Thus, in this algorithm, block yj is generated from
the full conditional distribution
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p yjjy, y jð Þ
1 , . . . , y jð Þ

j�1, y
j�1ð Þ
jþ1 , . . . , y j�1ð Þ

p , g j�1ð Þ
	 


;

where the conditioning elements for the jth block
reflect the fact that the previous (j – 1) blocks of y
have already been updated, but the rest have not
been. Note that the output from the first n0 cycles
(the burn-in phase) is ignored to allow the effect of
the initial values to wear off. One additional point
about MCMC methods is that the blocks must be
carefully chosen. Sampling over unnecessary
blocks can worsen the quality of the output pro-
duced by the algorithm, where quality is measured
by how quickly the serial correlations of the sam-
pled draws decline to zero. Chains whose serial
correlations decline quickly are preferred because
they are closer to the ideal of independent
sampling.

Example 5 Consider again the hierarchical
Bayesian model for clustered data given in
(9)–(11). The joint distribution of the data and
the unknowns is given by

p y, y,D�1
� � ¼ p b, s2, bif g,D�1

� �
p yjyð Þ

¼ p bð Þp s2
� �

p D�1
� �Xn

i¼1

p yijyð Þp bijDð Þ: (18)

Wakefield et al. (1994) propose a Gibbs
MCMC approach for joint distribution that is
based on full blocking (that is, sampling each
block of parameters from its full conditional dis-
tribution). Chib and Carlin (1999) suggest a num-
ber of reduced blocking schemes. One of the
simplest proceeds by first sampling b marginal-
ized over {bi} and then sampling {bi} conditioned
on b. This reduced blocking is possible because bi
in (18) can be marginalized out leaving a normal
distribution that can be combined with the
assumed normal prior on b. In particular,

p yijb,s2,D
� � ¼ ð p yijyð Þp bijDð Þdbi / jVij�1=2

exp �1=2ð Þ yi � Xibð Þ0V�1
i yi � Xibð Þ� �

;

where Vi ¼ s2Ini þWiDW
0
i . The reduced condi-

tional posterior of b is therefore

p bjy,s2,Dð Þ / p bð Þ∏
n

i¼1

jVij �1=2

exp � 1

2
yi � Xibð Þ0V�1

i yi � Xibð Þ
� �

/ exp � 1

2
b� bb	 
0

B�1 b� bb	 
� �
;

where

bb ¼ B B�1
0 b0 þ

Xn
i¼1

X0
i V�1

i yi

 !
and

B ¼ B�1
0 þ

Xn
i¼1

X0
i V�1

i Xi

 !�1

:

The rest of the MCMC algorithm follows the
steps of Wakefield et al. (1994). In full, we sequen-
tially sample the following distributions many
times:

b�Nk
bb,B	 


bi �Nq

	
Diðs�2W0

i yi�Xibð Þ,

Di ¼ D�1þs�2W0
i Wi

� ��1
;


, i� n

s2 � IG
v0þSni

2
,
d0þSn

i¼1jjyi�Xib�Wibi
jj2

2

 !

D�1 �Wishartq r0þn, R�1
0 þ

Xn
i¼1

bib
0
i

 !�1
8<:

9=;;

where the second and fourth of these distributions
were derived in Example 4.

Model Choice

Another inferential concern in practice is the com-
parison of several hierarchical Bayesian models in
order to judge the extent to which the various
models are supported by the data. In the context
of a hierarchical model for clustered data, for
instance, one may be interested in determining
the support for an additional cluster-specific effect
or of an additional fixed effect. Questions of this
type can be answered via Bayes factors, or ratios

Hierarchical Bayes Models 7



of marginal likelihoods. The marginal likelihood
of a particular model M is the normalizing con-
stant of the posterior density,

m yjMð Þ ¼
ð
p yjM , yð Þp yjM , gð Þp gjM , lð Þdy dg;

(19)

the integral of the first stage outcome density
function with respect to the prior density of y
and the prior density of the hyperparameters g. If
there are twomodelsM k andM l, the Bayes factor
is the ratio

Bkl ¼ m yjM kð Þ
m yjM lð Þ : (20)

Because MCMC methods deliver draws from
the posterior density and the marginal likelihood
is the integral with respect to the priorp yjM , gð Þ
p gjM , lð Þ, MCMC output cannot be used directly
to average p yjM , yð Þ. Nonetheless, computation
is feasible by the method of Chib (1995), a widely
used method that we now briefly describe.Chib
(1995) begins by noting that m yjM , lð Þ can be
expressed as

m yjMð Þ ¼ p yjM , y�ð Þp y�jM , g�ð Þp g�jM , lð Þ
p y�, g�jM , yð Þ ;

(21)

for a given (y*, g*), usually taken to be a high
density point such as the posterior mean. Thus, if
we have an estimate bp y�, y�jM , yð Þ of the poste-
rior ordinate, the marginal likelihood on the log
scale can be estimated as

logm yjMð Þ ¼ logp yjM , y�ð Þ þ logp y�jM , g�ð Þ
þ logp g�jM , lð Þ � logbp y�, g�jM , yð Þ:

(22)

It turns out that it is possible to get an efficient
estimate of the posterior ordinate. The basic idea
is to write the posterior ordinate as

p y�, g�jM , yð Þ ¼ p y�1jM , y
� �� � � �

� p y�pjM , y, y�1, . . . , y
�
p�1

	 

� p g�1jM , y, y�
� �� � � �

�p g�qjM , y, y�, g�1, . . . , g
�
p�1

	 

(23)

and then to estimate each of these ordinates from
the output of appropriate MCMC runs. To see
what is involved, consider the ordinate

p y�j jM , y, y�1, . . . , y
�
j�1

	 

that appears in this

decomposition. By definition,

p y�j jM , y, y�1, . . . , y
�
j�1

	 

¼ð

p y�j jy, y�1, . . . , y�j�1, yjþ1, . . . , yp, g
	 


dp

yjþ1, . . . , yp, gjy, y�1, . . . , y�p�1

	 

is the full conditional density integrated
with respect to the distribution

p yjþ1, . . . , yp, gjy, y�1, . . . , y�p�1

	 

. To calculate

this integral by Monte Carlo one can run an
MCMC algorithm in which the blocks
y1, . . . , yp�1

� �
are fixed at their starred values

and sampling is over the remaining free blocks,
namely yj, yjþ1, . . . , yp, g

� �
. This is called a

reduced MCMC run. Let the sampled draws
from this reduced run be denoted by

y rð Þ
jþ1, . . . , y

rð Þ
p , g rð Þ

	 

, r ¼ 1, . . . ,M . Then, pro-

vided the full conditional of yj is in closed form,
we have the estimate

bp y�j jM ,y,y�j�1

	 

¼M�1

XM
r¼1

p y�j jy,y�1, . . . ,y�j�1,y
rð Þ
jþ1, . . . ,y

rð Þ
p ,g rð Þ

	 

:

Each ordinate is estimated in this way from the
output of the appropriate reduced runs. Notice that
as more blocks are fixed, fewer distributions
appear in the reduced runs.

Example 6 Consider again the hierarchical
Bayesian model for clustered data. In this case,
we can decompose p y�, g�jM , yð Þ as

8 Hierarchical Bayes Models



p D�1�, s2�,b�jy� �
¼ p D�1�jy� �

p s2�jy,D�� �
p b�jy,D�, s2�
� �

;

so that all computations are marginalized over
{bi}. The first term can be estimated by averaging
theWishart density given in Example 5 over draws
on {bi} from the full MCMC run. To estimate the
second ordinate, which is conditioned on D*, we
run a reduced MCMC simulation with the full
conditional densities

p bjy,D�, s2
� �

, p s2jy,b,D�, bif g� �
,

p bif gjy, b,D�,s2
� �

;

where each conditional utilizes the fixed value of
D. The second ordinate is now estimated by aver-
aging the inverse gamma full conditional density
of s2 at s2* over the draws on (b {bi}) from this
reduced run. The third ordinate is multivariate
normal as given in Example 5 and available
directly.

If the full conditional densities are not in closed
form, the marginal likelihood can be computed by
the modified Chib method as discussed in Chib
and Jeliazkov (2001).
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