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Introduction
Suppose that π is a probability measure on the probability
space (S,A), h is a measurable function from S → R, and
one is interested in the calculation of the expectation

h̄ = ∫ hdπ

assuming that the integral exists. In many problems, espe-
cially when the sample space S is multivariate or when the
normalizing constant of π is not easily calculable, �nding
the value of this integral is not feasible either by numerial
methods of integration (such as themethod of quadrature)
or by classical Monte Carlo methods (such as the method
of rejection sampling). In such instances, it is usually possi-
ble to �nd h̄ by Markov chain Monte Carlo, or MCMC for
short, a method that stems from Metropolis et al. ()
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in connection with work related to the hydrogen bomb
project. It found early and wide use in computational sta-
tistical mechanics and quantum �eld theory where it was
used to sample the coordinates of a point in phase space.
Applications and developments of this method in statis-
tics, in particular for problems arising in 7Bayesian statis-
tics, can be traced to Hastings (), Geman and Geman
(), Tanner and Wong () and Gelfand and Smith
().

�e idea behind MCMC is to generate a sequence of
draws {ψ(g), g ≥ } that follow a Markov chain (see
7MarkovChains)with the property that the unique invari-
ant distribution of this Markov chain is the target distribu-
tion π.�en, a�er ignoring the �rst n draws to remove the
e�ect of the initial value ψ(), the sample

{ψ(n+), ...,ψ(n+M)
}

forM large, is taken as an approximate sample from π and
h̄ estimated by the sample average

M−
M

∑
g=
h(ψ(n+g))

Laws of large numbers for Markov chains show that

M−
M

∑
g=
h(ψ(n+g)) → ∫ hdπ

as the simulation sample size M goes to in�nity (Tierney
; Chib and Greenberg ; Chen et al. ; Liu ;
Robert and Casella ).
A key reason for the interest in MCMC methods is

that, somewhat surprisingly, it is straightforward to con-
struct one ormoreMarkov chains whose limiting invariant
distribution is the desired target distribution. A leading
method is the Metropolis–Hasting (M-H) method.

Metropolis–Hastings method
In theMetropolis–Hastingsmethod, as theHastings ()
extension of the Metropolis et al. () method is called,
the Markov chain simulation is constructed by a recursive
two step process.
Let π(ψ) be a probabiliy measure that is dominated by

a sigma-�nite measure µ. Let the density of π with respect
to µ be denoted by p(⋅). Let q(ψ,ψ†) denote a condi-
tional density forψ† givenψ with respect to µ.�is density
q(ψ, ⋅) is referred to as the proposal or candidate generat-
ing density.�en, the Markov chain in the M-H algorithm
is constructed in two steps as follows.

Step  Sample a proposal value ψ† from q(ψ(g),ψ)

and calculate the quantity (the acceptance probability or the
probability of move)

α(ψ,ψ†) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

min [ p(ψ†)q(ψ† ,ψ)
p(ψ)q(ψ,ψ†) , ] if p(ψ)q(ψ,ψ†) > ;

 otherwise .

Step  Set

ψ(g+)
=

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

ψ† with prob α(ψ(g),ψ†)
ψ(g) with prob  − α(ψ(g),ψ†)

If the proposal value is rejected then the next sam-
pled value is taken to be the current value which means
that when a rejection occurs the current value is repeated
and the chain stays at the current value. Given the new
value, the same two step process is repeated and the whole
process iterated a large number of times.
Given the form of the acceptance probability α(ψ,ψ′)

it is clear that the M-H algorithm does not require knowl-
edge of the normalizing constant of p(⋅). Furthermore,
if the proposal density satis�es the symmetry condition
q(ψ,ψ′) = q(ψ′,ψ), the acceptance probability reduces
to p(ψ′)/p(ψ); hence, if p(ψ′) ≥ p(ψ), the chain moves
to ψ′, otherwise it moves to ψ′ with probability given by
p(ψ′)/p(ψ). �e latter is the algorithm originally pro-
posed by Metropolis et al. ().
A full expository discussion of this algorithm, along

with a derivation of themethod from the logic of reversibil-
ity, is provided by Chib and Greenberg ().

�e M-H method delivers variates from π under quite
general conditions. A weak requirement for a law of large
numbers for sample averages based on the M-H output
involve positivity and continuity of q(ψ,ψ′) for (ψ,ψ′)
and connectedness of the support of the target distribution.
In addition, if π is bounded then conditions for ergod-
icity, required to establish the central limit theorem (see
7Central Limit�eorems), are satis�ed (Tierney ).
It is important that the proposal density be chosen to

ensure that the chain makes large moves through the sup-
port of the invariant distribution without staying at one
place for many iterations. Generally, the empirical behav-
ior of the M-H output is monitored by the autocorrelation
time of each component of ψ de�ned as

{ + 
M

∑
s=

ρks},

where ρks is the sample autocorrelation at lag s for the
kth component of ψ, and by the acceptance rate which
is the proportion of times a move is made as the sam-
pling proceeds. Because independence sampling produces
an autocorrelation time that is theoretically equal to one,
one tries to tune the M-H algorithm to get values close to
one, if possible.
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Di�erent proposal densities give rise to speci�c ver-
sions of theM-H algorithm, eachwith the correct invariant
distribution π. One family of candidate-generating densi-
ties is given by q(ψ,ψ′) = q(ψ′ − ψ).�e candidate ψ′ is
thus drawn according to the process ψ′ = ψ + z, where z
follows the distribution q, and is referred to as the random
walk M-H chain.�e random walk M-H chain is perhaps
the simplest version of the M-H algorithm and is quite
popular in applications. One has to be careful, however, in
setting the variance of z because if it is too large it is possi-
ble that the chainmay remain stuck at a particular value for
many iterations while if it is too small the chain will tend
to make small moves and move ine�ciently through the
support of the target distribution. Hastings () consid-
ers a second family of candidate-generating densities that
are given by the form q(ψ,ψ′) = q(ψ′). Proposal values
are thus drawn independently of the current location ψ.

Multiple-Block M-H
In applications when the dimension of ψ is large it is
usually necessary to construct the Markov chain simula-
tion by �rst grouping the variables ψ into smaller blocks.
Suppose that two blocks are adequate and that ψ is writ-
ten as (ψ,ψ), with ψk ∈ Ωk ⊆ R

dk . In that case the
M-H algorithm requires the speci�cation of two proposal
densities,

q (ψ,ψ
†
 ∣ψ) ; q (ψ,ψ

†
 ∣ψ),

one for each block ψk, where the proposal density qk may
depend on the current value of the remaining block. Also,
de�ne

α (ψ,ψ
†
 ∣ψ) = min

⎧⎪⎪
⎨
⎪⎪⎩

p (ψ† ,ψ) q (ψ† ,ψ∣ψ)

p(ψ,ψ)q (ψ,ψ
†
 ∣ψ)

, 
⎫⎪⎪
⎬
⎪⎪⎭

and

α (ψ,ψ
†
 ∣ψ) = min

⎧⎪⎪
⎨
⎪⎪⎩

p (ψ,ψ
†
) q (ψ† ,ψ∣ψ)

p(ψ,ψ)q (ψ,ψ
†
 ∣ψ)

, 
⎫⎪⎪
⎬
⎪⎪⎭

,

as the probability of move for block ψk conditioned on the
other block.�en, one cycle of the algorithm is completed
by updating each block using a M-H step with the above
probability of move, given the most current value of the
other block.

Gibbs Sampling
A special case of the multiple-block M-H method is the
Gibbs sampling method which was introduced by Geman
and Geman () in the context of image-processing and
broadened for use in Bayesian problems by Gelfand and

Smith (). To describe this algorithm, suppose that
the parameters are grouped into two blocks (ψ,ψ) and
each block is sampled according to the full conditional
distribution of block ψk,

p(ψ∣ψ) ; p(ψ∣ψ)

de�ned as the conditional distribution under π ofψk given
the other block. In parallel with the multiple-block M-H
algorithm, the most current value of the other block is
used in sampling the full conditional distribution. Deriva-
tion of these full conditional distributions is usually quite
simple since, by 7Bayes’ theorem, each full conditional is
proportional to p(ψ,ψ), the joint distribution of the two
blocks. In addition, the introduction of latent or auxiliary
variables can sometimes simplify the calculation and sam-
pling of the full conditional distributions. Albert and Chib
() develop such an approach for the Bayesian analysis
of categorical response data.

Concluding Remarks
Some of the recent theoretical work on MCMC methods
is related to the question of the rates of convergence (Cai
; Fort et al. ; Jarner and Tweedie ; Douc
et al. ) and in the development of adaptive MCMC
methods (Atchade and Rosenthal; Andrieu and Moulines
; ).

�e importance of MCMC methods in statistics and
in particular Bayesian statistics cannot be overstated.�e
remarkable growth of Bayesian thinking over the last
 years was made possible largely by the innovative use of
MCMC methods. So�ware programs such as WINBUGS
and the various MCMC packages in R have contributed
to the use of MCMC methods in applications across the
sciences and social sciences (Congdon ) and these
applications are likely to continue unabated.
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Introduction
Markov chains, which comprise Markov chains and
7Markov processes, have been successfully applied in
areas as divers as biology, �nance,manufacturing, telecom-
munications, physics and transport planning, and even for
experts it is impossible to have an overview on the full
richness of Markovian theory. Roughly speaking, Markov
chains are used for modeling how a system moves from
one state to another at each time point. Transitions are
random and governed by a conditional probability distri-
bution which assigns a probability to the move into a new
state, given the current state of the system. �is depen-
dence represents the memory of the system. A basic exam-
ple of aMarkov chain is the so-called randomwalk de�ned
as follows. Let Xt ∈ N, for t ∈ N, be a sequence of random
variables with initial value X = . Furthermore assume
thatP(Xt+ = Xt+∣Xt ≥ ) = p = −P(Xt+ = Xt−∣Xt ≥ ).
�e sequence X = {Xt : t ∈ N} is an example of a Markov
chain (for a detailed de�nition see below) and the aspects
of X one is usually interested in in Markov chain theory is
(i) whether X returns to  in a �nite number of steps (this
holds for  ≤ p ≤ /), (ii) the expected number of steps
until the chain returns to  (which is �nite for  ≤ p < /),
and (iii) the limiting behavior of Xt .
In the following we present some realistic examples.

A useful model in modeling infectious diseases assumes
that there are four possible states: Susceptible (S), Infected
(I), Immune (A), Dead (R). Possible transitions are from
S to I, S or R; from I to A or R; from A to A or R; from R
to R only.�e transitions probabilities, from S to I, S to R
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