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Abstract. Starting from twelve distinct factors from the recent literature, plus twelve prin-
cipal components (PCs) of anomalies unexplained by the initial factors, a Bayesian compar-
ison of approximately seventeen million models in terms of marginal likelihoods and
posterior model probabilities shows that {Mkt, MOM, IA, ROE, MGMT, PERF, PEAD,
FIN}, plus the nonconsecutive principal components, {PC;, PCs, PCy} are the best sup-

ported risk factors. Pricing tests and annualized out-of-sample Sharpe ratios for tangency
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portfolios suggest that this asset pricing model should be used for computing expected
returns, assessing investment strategies and building portfolios.
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1. Introduction

The question of which risk factors best explain the cross
section of expected equity returns continues to draw
attention on account of the large importance of this topic
for theoretical and empirical finance (Cochrane 2011).
Along with the market factor, hundreds of additional risk
factors have emerged (Harvey et al. 2016, Hou et al. 2020),
and the set of possible such factors continues to grow.
Rather than add to this list, we ask two questions. (1)
Could we start with the risk factor collections that have
generated support in the recent literature, take the union
of the factors in those collections, and then find a new set
of risk factors (winners from winners) that gather even
more support from the data, on both statistical and finan-
cial grounds? (2) Can such a benchmark analysis be
improved (and by how much) by considering not just the
initial factors, but the initial factors plus (say) the 125
anomalies in Green et al. (2017) and Hou et al. (2020)?

To answer these questions, we start with the risk factor
collections of Fama and French (1993, 2015, 2018), Hou
etal. (2015), Stambaugh and Yuan (2017), and Daniel et al.
(2020), which cover the market, fundamental, aggregated
mispricing, and behavioral factors. By author initials and
factor abbreviations, these are as follows:

e FF6 collection: {Mkt, SMB, HML, RMW, CMA,
MOM};

e HXZ collection: {Mkt, SMB, 1A, ROE};

e SY collection: {Mkt, SMB, MGMT, PERF};

e DHS collection: {Mkt, PEAD, FIN},

where Mkt is the market excess return, SMB stands for
small minus big, HML stands for high minus low, RMW

stands for robust minus weak, CMA stands for conserva-
tive minus aggressive, MOM is the momentum factor,
IA is the investment factor, ROE is the return on equity
factor, MGMT and PERF are two aggregated mispricing
factors, and PEAD and FIN are short- and long-horizon
behavior factors.'

In the first part of the analysis, the benchmark model
scan, we focus on this set of factors, and ask what collec-
tion of risk factors emerge when each factor is allowed
to play the role of a risk factor, that is, an element of the
stochastic discount factor (SDF), or a nonrisk factor, to
produce different groupings of risk factors in a combi-
natorial fashion. Each grouping consists of a collection
of factors that are risk factors in that grouping, and a
complementary collection (the remaining factors) that
are nonrisk factors in that grouping. We compare the
resulting possible asset pricing models from a Bayesian
model comparison perspective (Avramov and Chao
2006, Barillas and Shanken 2018, Chib and Zeng 2020,
Chib et al. 2020, Avramov et al. 2023). Specifically, we
use the priors and marginal likelihoods given in Chib
etal. (2020) to compare these models.

This benchmark model scan shows that a seven-factor
asset pricing model, consisting of {Mkt, SMB, MOM,
ROE, MGMT, PERF, and PEAD} gets the most support
from the data. This model is closely followed by a second
model, a six-factor model that omits PERF, and a third
model, a five-factor model, that omits PERF and MOM.
These models have posterior model probabilities of
around 0.125, 0.116, and 0.079, respectively. More deci-
sive posterior support for the best model is unrealistic on


mailto:chib@wustl.edu
mailto:lingxiao@phbs.pku.edu.cn
https://orcid.org/0000-0002-8016-072X
mailto:zhou@wustl.edu
https://orcid.org/0000-0002-4104-403X
https://doi.org/10.1287/mnsc.2023.4668

Downloaded from informs.org by [2607:fb90:39h9:9¢87:d9%ee:aB2a:bd21:ab0] on 01 February 2023, at 03:06 . For personal use only, all rights reserved.

2

Chib, Zhao, and Zhou: Winners from Winners: A Tale of Risk Factors
Management Science, Articles in Advance, pp. 1-19, © 2023 INFORMS

a large model space composed of models constructed
from already vetted factors. Nevertheless, the support
for models beyond the top three slumps sharply. For
example, the posterior probabilities of the fourth- and
fifth-best models are around 0.030, and the sixth is about
0.025. The posterior probabilities of the remaining mod-
els in the model space barely register, being roughly of
the same size as the prior probability of 1/4,095 =
0.00024 and even below. On the basis of this evidence,
the top three models isolated by our scan are worthy con-
tenders for use in calculating risk-adjusted returns of
funds and equity assets.

It is worth noting that the model with all 12 factors as
risk factors, the full model, has a log-marginal likelihood
of 14,351.36 and is ranked 292. Thus, including all factors
as risk factors is dominated by many other models in the
model space. The FF6, HXZ, SY, and DHS models also
do not appear in the top model set primarily because of
feeble performance in pricing the associated nonrisk fac-
tors. Specifically, the single Mkt factor prices only SMB.
The risk factors of the Fama and French family of models
price at most IA. The risk factors of HXZ price all the
Fama and French factors, but cannot price MGMT,
PEAD, and FIN. The risk factors of the SY and DHS mod-
els cannot price two nonrisk factors, ROE and PEAD,
and IA and MGMT, respectively. In contrast, the risk fac-
tors in the top model set price the remaining nonrisk fac-
tors completely.

We also document the performance of the top models
on other important statistical and economic dimensions.
For one, we examine the predictive performance of the
top models in forecasting out-of-sample (OOS). Addi-
tionally, we find that the annualized OOS Sharpe ratio of
the tangency portfolio constructed from our seven fac-
tors {Mkt, SMB, MOM, ROE, MGMT, PERF, and PEAD}
is higher than the annualized OOS Sharpe ratios of tan-
gency portfolios from the risk factors in the FF6, HXZ,
and DHS collections, but slightly smaller than that of the
SY risk factors.

To improve the {Mkt, SMB, MOM, ROE, MGMT,
PERF, and PEAD} asset pricing model further, we aug-
ment the initial set of factors with the 125 anomalies in
Green et al. (2017) and Hou et al. (2020). A direct model
scan with 12 + 125 factors is, however, infeasible. Instead,
we first deploy a method to reduce the dimension of the
anomaly space. We take the set of 12 initial factors and
tind the genuine anomalies, that is, anomalies that cannot
be priced by the initial factors. This produces 24 genuine
anomalies. We then transform the genuine anomalies to
principal components (PCs) and consider the first 12 of
these PCs as additional factors. We then scan (estimate
and compare) the 16,777,215 asset pricing models that
arise from the 12 initial factors plus the first 12 PC factors.

A key feature of this extended model scan is that the initial
factors are left as is. Only the genuine anomalies are con-
verted into PCs. These PCs are also more interpretable

than PCs converted from the entire set of anomalies. In
this way, we can understand whether the PC factors pro-
vide incremental information for pricing assets over the
factors from the benchmark scan, and which factors from
the benchmark scan continue to be risk factors in this
broader space of models.

The extended model scan shows that the best model
consists of {Mkt, MOM, IA, ROE, MGMT, PERF, PEAD,
FIN, PC;, PCs, PC7} and that the common factors in the
top model set (the set consisting of the best model plus the
models whose log-marginal distance to the best model is
less than 1.15) are the eight factors {Mkt, MOM, ROE,
PEAD, MGMT} and {PC;, PCs, PC5}. The best asset pric-
ing model from this extended model scan does better pric-
ing of test assets and produces higher annualized OOS
Sharpe ratios for tangency portfolios composed only of
the risk factors. This new asset pricing model has strong
implications for empirical work in finance. Admittedly,
this model arose from a statistical approach, but the statis-
tical approach is grounded in the SDF and is not ad hoc.

The current paper is part of a wave of Bayesian work
in empirical asset pricing. For instance, Kozak et al.
(2020) focus on PC factors that are constructed from 50
anomalies and use economic priors to estimate a single
model with those 50 contending factors in a classical
penalized regression. Bryzgalova et al. (2023), on the
other hand, focus on the Fama-McBeth regression and
select from amongst 50 factors by a Bayesian variable
selection method. Other recent Bayesian contributions in
finance include, for example, Goyal et al. (2018) and
Smith and Timmermann (2021), but none of these papers
directly intersect with the work in this paper.

We see our paper as contributing to the further under-
standing of risk factor determination from a Bayesian
model uncertainty perspective. A key contribution is a
procedure that allows us to conduct a model scan even
when there are a large number of contending factors. We
do this by using a core set of factors to whittle down the
remaining factors into genuine (or nonpriced) factors,
which are further converted into PCs. The model scan is
then applied to the core set plus these PCs. By only con-
verting a subset of the factors to PC factors, we enhance
interpretability of the final set of risk factors. In this way,
we broaden the scope of the model scanning method of
Chib and Zeng (2020) to a much larger pool of factors
than would be otherwise possible.

The rest of the paper is organized as follows. In Section
2, we briefly outline the model scanning methodology.
In Section 3, we consider the benchmark model scan and
in Section 4 the extended model scan. Section 5 and Sec-
tion 6 contain results, and Section 7 concludes.

2. Methodology
Suppose that the potential risk factor set is denoted by
f; 1 Kx 1, where t denotes the tth month. We now allow
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each factor to play the role of a risk factor, that is, an ele-
ment of the SDF, or a nonrisk factor, to produce different
groupings of risk factors in a combinatorial fashion.
Starting with K initial possible risk factors, there are,
therefore, | =2 —1 possible risk factor combinations
(assuming that the risk factor set cannot be empty). Each
of these risk factor combinations defines a particular
asset pricingmodel Ml;, j=1,...,].

Consider now a specific model M, j=1,...,] consist-
ing of the risk factors x;; : ky; X 1, and the complemen-
tary set of factors (the nonrisk factors) wj;:ky,;x 1,
where K = ky ; + ky, ;. By definition, factors are risk factors
if they are in the stochastic discount factor M;;. Follow-
ing Hansen and Jagannathan (1991), we specify the SDF
as

M;=1- )\;,]'Q;,jl (%7 — Elx;¢1), 1

whereb, ; £ QO ]1 Ay kyj X 1 are the unknown risk factor
loadings, and Q, : ky; X k, is the covariance matrix of
x;. Enforcing the pricing restrictions implied by the
no-arbitrage condition:

E[Mj,tx]’.,t] =0 and E[Mj,tw]’»/t] =0

for all t, we get that E[x;;] = Ay;, and E[w;;] = T;A, for
some matrix I'; : ks, X ky ;. If we assume that the joint dis-
tribution of (x;,w;) is Gaussian, then the latter pricing
restrictions imply that under a marginal-conditional de-
composition of the factors, M| has the restricted reduced
form given by

Xj = Ax,j + Exjts (2)
wir = Tixir + €ty ®3)

where the errors are block independent Gaussian

sx,j/t ( ( Qx,j 0 ) )
~Ng|( 0, , 4
( £w~x,j,t ) K 0 Qw-x,j ( )

and Q. : ky,j X ky j is the covariance matrix of the con-
ditional residuals €.y,

The goal of the analysis is to calculate the support for
these models, Mj;, j=1,...,], given the sample data on
the factors. To explain how this is done, we start with the
prior distributions of the parameters across models. It is
important that these priors are comparable across mod-
els to ensure that the ranking of the models depends on
the data evidence and not on differences in the prior. The
way to construct such priors is laid out in Chib and Zeng
(2020). Subsequently, Chib et al. (2020) specialize this
approach with improper priors.

The starting point of the Chib and Zeng (2020) priors
is a prior on the model in which all factors are pricing

factors (and therefore k. ; = K). Call this model M;. Con-
sider now

7'1 = Qx,ll

the variance parameter (the covariance matrix) in this
model. Give ), ; an inverse Wishart prior

v+K+1 ]. _
o 141) = (v, Q) 0 |“Fenp (0021,

®)

where v, the degree of freedom, and Q, the scale matrix,
are the two parameters of this prior.

The next step is to notice that for any other model My,
the set of parameters

n= (rjr Qx,jr Qw-x,j)

are simply 1-1 functions of n,. To see this, first note that
the dimension of n;, which equals

(ke ke + Ko j (e + 1) /2 + koo (ke + 1) /2}
= {12 + K%, + 2Kk ki + (kj + )} /2 = (K2 + K) /2,

w,j

is the same as the dimension of 1), . To show that the map-
ping is 1-1, calculate the Jacobian,

dmy

=1Q (e
dnj I X,]l 7

which is positive. The derivation of this Jacobian is in
Chib et al. (2020).

Based on these facts, Chib and Zeng (2020) derive the
prior of n); (for j > 1) from the prior of n; by the change of
variable formula

d
(| M) = (g [ M) d—'; ©
]
= 7(y | M) | Qo )

By this tactic, all the priors are derived from a single prior
distribution. In other words, all the different priors are
fixed by just specifying v and Q. These different priors
can be viewed as identical. Substituting (5) on the right-
hand side of (7), letting Y= vec(I';), and rearranging and
partitioning Q and Q) ; according to the given x; and w;
in model M, we get

Qx,j wa,j B
wa,j Qw,]’
1tr Qx,j wa,j Qx,j wa,/ !
exp| —5 ’
2 wa,j Qw,/ wa,j Qw,/‘

which on using properties of the determinant of a parti-
tioned matrix, the inverse of a partitioned matrix, and

v+er/ *km,; +1
2

(o | M) oc | Q2[R
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the trace operator, reduces to

vtky +k + vtky +k

|Qx,j| |QZUX]|
1 Qx,j wa,j
exp| —gtr
- Qwvj ij
(Q +T7 lex]r FQM]>>>
lex]r lex]

v—ky, +kJC
=|Qx,j|_ T eXP<— tr(Qx] >|wa]|_

w/

10y

”kn /+1

exp <— tr(Quwx, Q2 M]>

ky,j 1
|Qw-x,j | _TIGXP <_ E('Yj - VeC(wa,jQ )) (Qx] ® Qw ]

('Yj - VeC(wa,jQ;,jl ))) ’

or simply

n(n]’ | Mj) = I[kalf (Qx,j [v— kw,jr Qx,j)HWkw_f (Qw-x,]' lv, Qw-x,j)

ka,jka,/ ('Yj |VeC(wa,jQ;,jl)r Q;Jl ® wa,j) . (8)

These are the Chib and Zeng (2020) prior densities for
j>1,immediately available for all models by just specify-
ing v and Q in a single distribution.

In this paper, we adopt the priors of Chib et al. (2020)
instead. These emerge from (5) to (8) by setting v = 0 and
Q = 0. Then for the full model, we get Jeffreys” improper
prior

(o [M1) = ¢[Qua| ™ 7, )

and for the remaining models, we get

2%k ]—K+1

7(Qy | M) oc [ Qy

= Q|

T((Qw-x,]’ I M]) & |Qw~x,j

n(yj |M]/ wa,j) & |Qw~x,j | oz,

which on multiplying out these three terms gives

(| M) = c|Qy, 7, 7>1, (0

w-Xx,|

which are the priors given in Chib et al. (2020). The cons-
tant c is irrelevant because it is the same constant in all
the priors and cancels in taking log marginal likelihood
differences across models.

Finally, we complete the prior distributions by sup-
posing that, conditional on 7;,

AyjIMj, m; ~ Ni, (Axj0, K€ ),

where A, ;o and x; are model-specific hyperparameters
that are determined from a training sample.

2.1. Marginal Likelihoods
Assume that each model Mj; € .# has a prior model proba-
bility, Pr (M), of being the correct model. The objective is
to calculate the posterior model probability Pr(M;|y,.;),
wherey, . = (f,,...,f) are the data on the factors.

The key quantities for performing this prior-posterior
update for the models in.# are the marginal likelihoods,
defined as

mi(yy.r M) = /@ Py My, 0)7( A M, )¢ (; | M)A 6,
7
11)

where ©);is the domain of 6;,

T
p(yy.r 1M, 0;) = H Ni, ; ([ Ax j, Qu )Nk, (w5 T2, Qe )
=1

is the density of the data, and Ny(-|p, Q) is the d-dimen-
sional multivariate normal density function with mean p
and covariance matrix (2.

The phrase marginal likelihood encapsulates two con-
cepts: one that it is a function that is marginalized over
the parameters of model j, hence the word marginal; and
second, that it is the likelihood of the model parameter
M, hence the word likelihood.

Chib et al. (2020) derive the following closed-form
expressions of the log marginal likelihoods under the
priors in (9) and (10):

TK K
log mi(y,.p M) = — TIOgn — Elog (Tx1 +1)

T T
—=log |W1| +1ogl'k| = |, (12)
2 2
and

logm;(y, - |Mj)

_ Tkx,]‘ kx,]' (T + kx,j — K)
=- logn 7710g(T1<]- +1) -

T+kej—K
+logly,, (%)

(K - kx,j)(T - kx,j)1 (K - kx,j)
— 5 0g T — 5

log ||

log |[W; |

log|‘l—’ | +log k-1, (T) ji>1, (13)
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where we have set ¢ = 1 (as this choice is irrelevant, by
construction), and

T
W= Z(xj,t — A — Ayj)
=1

T

+
TK]'+1

(Xx,j - )‘ij)(Xx,j - ijO)’

T T
W; = Zx]',tx]f,t ’ \I]; = Z(w]‘,t - F,-x]-,t)(wj,f - l”j-x]-,t)'.
t=1 =1

The variables with a hat in the previous expressions are
the least squares estimates calculated using the estima-
tion sample, and I';(-) denotes the d dimensional multi-
variate gamma function.

2.2. Model Scan Approach

We conduct a prior-posterior analysis on the model
space denoted by .# = {M;,Mj,...,M;}. Assume that
each model in the model space is given an uninformative
and equal prior model probability, thatis, for any j,

Pr(M;) =1/]. (14)

Applying Bayes theorem to the unknown model param-
eter M, the posterior model probability is given by

m;(y .7 |M;)
S iy |ML)

because the model prior probabilities in the numerator
and the denominator cancel out.

Both the prior and posterior probability distributions
on model space acknowledge the notion of model uncer-
tainty. The prior distribution on model space represents
our beliefs about the models before we see the data. A
discrete uniform prior is our default, but, of course, it is
possible to consider other prior distributions. The poste-
rior distribution retains model uncertainty unless the
sample size is large in relation to the dimension of the
model space. By this, we mean that the posterior distri-
bution on model space will not concentrate on a single
model. As T'becomes large, however, the asymptotic the-
ory of the marginal likelihood (Chib et al. 2018, 2022)
implies that the posterior model probabilities will con-
centrate on the true model (if it is in the set of models) or
on the model that is closest to the true model in the
Kullback-Leibler distance.

Regardless of the sample size, however, the end prod-
uct of our analysis is a ranking of models by posterior
model probabilities (equivalently, by marginal likeli-
hoods given that the denominator in the posterior proba-
bility calculation is just a normalization constant). We
indicate these ranked models by

{My., My, ..., Mg},

Pr(M;|y,.;) = (15)

such that
M1 (Yy.p | M) > mo(yy.p [ Ma.) > - > mp(yy.p | M).

This ranking is the basis for determining which risk fac-
tors are best supported by the data.

3. Benchmark Model Scan

To begin, we conduct a benchmark model scan on the 12
initial factors, {Mkt, SMB, HML, RMW, CMA, MOM, 1A,
ROE, MGMT, PERF, PEAD, FIN}, described further in
Table 1. Although Mkt captures the overall market risk,
SMB, HML, RMW, CMA, MOM, IA, and ROE are well-
known characteristic-based long-short factors. MGMT
and PERF are mispricing factors that are closely related
to lagged investor sentiment and are constructed by
averaging the ranks of eleven anomalies. Finally, PEAD
and FIN are short- and long-horizon behavior factors
that are based on earnings surprises and external financ-
ing information, respectively.

Our sample frequency is monthly and spans the
period from January 1974 to December 2018 for a total of
540 observations. We use the first five years of these data
as a training sample to construct the prior distributions
of the risk premia parameters, leaving a sample size of
T =480 as the estimation and model scan sample.

3.1. Two Special Cases

To understand how the framework is applied, consider
first the model in which all 12 factors are risk factors. In
this case, model M (say), the general model reduces to

X1t = )‘x,l +Ex 1t Ext NlZ(Or Qx,l)/ (16)
-~
12x1
where x1 ; = (Mkt, SMB, SML, RMW, CMA, MOM, 1A, ROE,
MGMT, PERF, PEAD, FIN); and, because the nonrisk fac-
tor collection w ; isempty, ky1 = 12and Q1 : 12 X 12.

Now consider M, (say) with the FF6 risk factors x;;
= (Mkt, SMB,SML, RMW,CMA, MOM);. Then, we have

X0 = Ao +€x04, Ex0r ~Ne(0,Qy0),
~~
6x1

whereas for wy; = (IA, ROE, MGMT, PERF, PEAD, FIN);,
we have

Wy = I X0t w2 t, Ewx2,t ~ Né(ol Qw~x,2)1
—~—
6X6

where kyp =6, kyp=6,0,0:6x6, and Quyo: 6 X6.
The latter model embodies the pricing restrictions that
the assumed risk factors of this model price the nonrisk
factors wy .

There are | = 4,095 such models in the model space .7
Our goal is to compare these | models using the model
scan approach described in Section 2.
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Table 1. Initial Factors

Factors Explanations Sources Mean Standard deviation

Mkt The excess return of the market portfolio Sharpe (1964) 0.59 451
(the value-weight return of all CRSP
firms minus the one-month Treasury bill
rate)

SMB Small Minus Big (the spread of average Fama and French (2015) 0.25 2.97
returns on nine small and nine big stock
portfolios)

HML High Minus Low (the spread of average Fama and French (2015) 0.30 291
returns on two value and two growth
portfolios)

RMW Robust Minus Weak (the spread of average Fama and French (2015) 0.30 2.29
returns on two robust and two weak
operating profitability portfolios)

CMA Conservative Minus Aggressive (the spread Fama and French (2015) 0.31 1.97
of average returns on two conservative
and two aggressive investment portfolios)

MOM The momentum factor (the average of a Fama and French (2018) 0.60 4.30
small stock spread factor and a big stock
spread factor)

1A The investment factor (the spread of returns Hou, Xue, and Zhang 0.36 1.85
on a low and a high investment stock (2015)
portfolio)

ROE The return on equity factor (the spread of Hou, Xue, and Zhang 0.55 2.56
returns on a high and a low return on (2015)
equity stock portfolio)

MGMT The mispricing factor controlled by Stambaugh and Yuan 0.58 2.78
management (constructed by averaging (2017)
stocks’ ranking over one cluster of eleven
anomalies)

PERF The mispricing factor related to Stambaugh and Yuan 0.66 3.88
performance (constructed by averaging (2017)
stocks” ranking over the other cluster of
eleven anomalies)

PEAD The short-horizon behavioral factor (a Daniel, Hirshleifer, and 0.60 1.86
financing factor constructed based on Sun (2020)
external financing)

FIN The long-horizon behavioral factor (a Daniel, Hirshleifer, and 0.68 3.78
postearnings announcement drift factor Sun (2020)

constructed base on earning surprises)

Notes. The table presents the 12 initial factors used in the paper, as well as the sample means and the standard deviations in percentage based on
the monthly data from January 1974 to December 2018. We also provide brief explanations and the sources in the academic literature.

3.2. Benchmark Model Scan Results

3.2.1. Top Model Set. To get a clear picture of the prior-
posterior update on the model space .#, we view each
model as a point in that space. The prior distribution of
models on that space is uniform. The posterior probabili-
ties of the models are proportional to the product of the
uniform prior and the marginal likelihoods. We can use
these posterior probabilities to plot these points (or mod-
els) in that space in decreasing order. Figure 1 plots the
posterior model probability of the top 220 models. We
can see from the figure that the posterior model probabil-
ities drop sharply beyond the top three models. For
example, the posterior probabilities of the fourth- and
fifth-best models are around 3%, and the sixth is about
2.5%. The posterior probabilities of the remaining mod-
els in the model space barely register, being roughly of

the same size as the prior probability of 1/4,095 = 2.4 x
10~* and even less.

In Figure 2, we plot these posterior model probabilities
but, this time, only for the top five models. We see that
the top three models have a joint posterior probability of
0.3201. In a sense, we can think of these models as being
indistinguishable or equivalent. To make this more pre-
cise, let M. denote the highest posterior probability
model and let

log By; = log m1.(y,.1 |Mi.) — log my.(y,.- | M)

denote the log of the Bayes factor of M. over M. Then,
we say that M. is within the orbit of the best model
(equivalently, indistinguishable), if logBy; is smaller
than 1.15. Equivalently, indistinguishability amounts to
saying that the posterior odds of M. versus M. is less
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Figure 1. (Color online) Top 220 Models of the Benchmark Model Scan
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than 3.16:1, a threshold from Jeffreys (1961). Alternative
thresholds, such as 2:1 or 4:1, produce similar results.

Applying this criterion, we conclude that M;., M.,
and M. constitute the top model set .# . in the bench-
mark scan, whereas My. and Ms,, also given in Figure 2,
are not in the top model set.

Table 2 shows that the seven-factor model M. consist-
ing of Mkt, SMB, MOM, ROE, MGMT, PERF, and PEAD
as risk factors gets the most support from the data. This
model is closely followed by the six-factor model M,
that does not have PERF as risk factor and the five-factor
model M, that does not have MOM and PERF as risk
factors.

Model

Interestingly, Mkt, SMB, ROE, MGMT, and PEAD are
present in each of the three top groupings. It appears that
both fundamental and behavioral factors play an impor-
tant role in pricing the cross section of expected equity
returns. The top groupings feature between five and
seven factors, similar to the number of factors in most of
the literature.

Also, the ratio of the posterior model probability
and the prior model probability of any given model M,
denoted by Prl(,zl(:iw, is provided in Table 2. That ratio
reflects the information improvement of posterior over
the same prior for M; when data are observed. Therefore,
itis a good measure for evaluating the joint superiority of

Figure 2. (Color online) Top Five Models of the Benchmark Model Scan

A
Mkt,SMB,ROE,MGMT ,PEAD

0.1251 ANkt SMB,MOM,ROE, MGMT,PERF PEAD
A
Mkt,SMB,MOM,ROE MGMT ,PEAD
>
801001
Q0
e
o
@
B
L 00751
S
@
]
(o]
Q. p 050

Mkt,SMB, HML,MOM,RQE‘MGMT,PEAD
MH,SMB,MOM,|A‘R0E,MGMT,PERF,PEADA

3 # 5

Model



Downloaded from informs.org by [2607:fb90:39h9:9¢87:d9%ee:aB2a:bd21:ab0] on 01 February 2023, at 03:06 . For personal use only, all rights reserved.

Chib, Zhao, and Zhou: Winners from Winners: A Tale of Risk Factors
Management Science, Articles in Advance, pp. 1-19, © 2023 INFORMS

Table 2. Marginal Likelihoods, Posterior Model Probabilities, and the Ratios of Posterior Model Probability and Prior

Model Probability of Selected Models in the Benchmark Model Space .#

. I’r(M |y, )

Risk factors log 11 (.11 M) Pr (M|y,.7) r (/MJI)T
Panel A: Top three models in .#. of the benchmark model scan
Mkt, SMB, MOM, ROE, MGMT, PERF, PEAD 14,358.49 1.25%x107! 5.12 x 10%
Mkt, SMB, MOM, ROE, MGMT, PEAD 14,358.42 1.16x 107! 4.76 x 107
Mkt, SMB, ROE, MGMT, PEAD 14,358.03 7.89 x 1072 3.23 x 10%
Panel B: M; and models with the same risk factor sets as CAPM, FF3, FF5, FF6, HXZ, SY, and DHS

12 Initial Factors 14,351.36 1.00x 107* 410x 107"
Mkt 14,310.06 1.16 x 1072 474%107Y
Mkt, SMB, HML 14,309.29 536 x 1072 220%x 107"
Mkt, SMB, HML, RMW, CMA 14,322.09 1.93%x 107" 7.92%x1071*
Mkt, SMB, HML, RMW, CMA, MOM 14,324.29 1.76 x 1071® 720%x10713
Mkt, SMB, IA, ROE 14,334.28 3.81x107"? 156 x 1078
Mkt, SMB, MGMT, PERF 14,343.72 482x1078 1.98x107*
Mkt, PEAD, FIN 14,349.59 1.70 x107° 6.95 x 1072

Notes. The table reports the results from the comparison of the | = 4,095 models. Panel A has the results for the top three models in .#. of the
benchmark model scan, and Panel B for M; and models with the same risk factor sets as CAPM, FF3, FF5, FF6, HXZ, SY, and DHS.

candidate models. For comparison, Panel B of Table 2
reports the marginal likelihoods and the ratios for M
and models with the same risk factor sets as CAPM,
Fama and French family, HXZ, SY, and DHS. It can be
seen that the information improvement of each of those
models is substantially smaller than that of top models.
Because M} is also not supported by the data, we can con-
clude that the 12 factors together contain information
redundancies.

3.2.2. Parameter Updating for the Best Model of the
Benchmark Model Scan. We now provide more details
about the best model in the benchmark model scan M.,
which takes the following form:

Mkt;
SMB;
MOM;
M. : ROE; = Ax,h + Ex, 15t Ex1x,t ~ N7(0, Qx,u),
MGMT; | 4
PERF;
PEAD;
Mkt;
HML; SMB;
RMW, MOM;
CMA; |= T ROE; + €y 1n,tr Ewwaxdnt
1A, ?x’; MGMT;
FIN; PERF;
PEAD;
~ NS(O/ Qw~x,1*)~

In calculating the marginal likelihood of this model,
which equals 14,358.49, as reported earlier in Table 2, we
used the prior on ny, = (I'1x, Qy 14, Qupy, 1) from (10) equal

to |Qy 1. 2|Qur 14| 7, and the proper prior of the risk
premia parameters A, 1. from the training sample equal
to

TU(Ax 1 [ Mis, M1,) = No(Ay 10| Ay 140,0.1455 X Q, 1),

where A, 1.0 = (0.0011,0.0116,0.0051,0.0044, 0.0077,0.0029,
0.0077)".

Under our prior distributions, it is easy to confirm that
the posterior distributions 71(0;|Mj, y,.;-) of parameters 6;
of any given model M; have the marginal-conditional
forms given by

T(Qy M, Y1) = W,;X}f(gx,j W, T+kej—K), (17)
A, (1/x;+T) ' Qy ),
(13)

T‘(AXJ' M, Y., Qx,j) = Nk,w-(Ax,j

and

Qoo My, y1.7) = WL (Qu| W5, T),  (19)

w,f
n(vec(Tj) My, yy.r, Quxj) = Ni, i, (vee(Tj) [vec(T)),
W}Fl ® Qw‘x,j)/ (20)

R N VPRI L -1
where A, ;1 = Tt Agjo+ T+ Ayjand W (W, v) denote

the inverse Wishart distribution with v degrees of free-
dom and scale matrix V. Thus, the posterior distribution
71(0;|Mj, y,.7) is given by the product of Equations (17),
(18), (19), and (20). We can apply this result to generate a
large number of simulated draws, first by sampling the
marginal distribution and then by the conditional distri-
bution given the draws from the marginal distributions.
These sampled draws can be used to make marginal pos-
terior distributions of relevant parameters and other
summaries.

Applying the previous sampling procedure to M.,
we obtain the marginal posterior distributions of the risk
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Figure 3. (Color online) Posterior Distributions of the Risk Premia Parameters of the Best Model of the Benchmark Model Scan
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premia parameters A, i+, given in Figure 3, and the poste-
rior means, standard deviations, and quantiles, given in
Table 3. It is interesting that the posterior means of the
risk premia parameters are similar, except for that of
SMB, whereas the posterior standard deviations of the
risk premia of Mkt, MOM, PERF, and PEAD are almost
twice as large as the rest.

3.3. Internal Pricing Performance
We now discuss why the FF6, HXZ, SY, and DHS risk
factor models do not appear in the top model set. The

reason for this is interesting. Essentially, these models
are not able to price the left out factors. For example, con-
sider the case of the {Mkt, SMB, HML, RMW, CMA,
and MOM]} risk factors in the FF6 collection. The w fac-
tors (the remaining factors) for this collection are {IA,
ROE, MGMT, PERF, PEAD, and FIN}. The asset pricing
model for FF6 assumes that these six w factors can be
priced; hence, the intercepts are all zero. However,
what if the FF6 factors cannot price these w factors? In
that case, the data would prefer that we did not impose
the restrictions, but the model requires that we do: The

Table 3. Prior and Posterior Statistics of the Risk Premia Parameters of the Best Model of the

Benchmark Model Scan M,

Posterior

Prior mean Posterior mean standard deviation Posterior median 2.5% quantile 97.5% quantile

Mkt 0.11 0.64 0.20
SMB 1.16 0.15 0.13
MOM 0.51 0.61 0.20
ROE 0.44 0.57 0.12
MGMT 0.77 0.56 0.13
PERF 0.29 0.70 0.18
PEAD 0.77 0.58 0.09

0.64 0.25 1.04
0.15 —0.11 0.41
0.61 0.21 1.01
0.57 0.34 0.80
0.56 0.30 0.82
0.70 0.34 1.06
0.58 0.41 0.75

Note. This table reports the prior and posterior statistics, that is, prior mean, posterior mean, posterior standard
deviation, posterior median, 2.5% quantile, and 97.5% quantile in percentage for the risk premia A, ;. of the best
model Mjy,, which has Mkt, SMB, MOM, ROE, MGMT, PERF, and PEAD as risk factors.
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pricing condition is therefore binding. The x factors in
that model can be said to fail an internal consistency
condition, and the model suffers a marginal likelihood
penalty.

Hence, this is our definition. We say that a particular
model satisfies the internal consistency condition if its risk
factors can price the set of nonrisk factors in that model
without incurring a penalty. In other words, a penalty is
incurred, and the marginal likelihood suffers if the con-
straint that the intercepts in the w model, which by assump-
tion must be all zero, is binding. If the constraints are not
binding, then its marginal likelihood is significantly higher.

Consider model M,

Xjt = Ayj+ Exjt,
wir =Tixir + €ty

with risk factors x;j; and nonrisk factors w;; = (wj4,. . .,
wjy, +) with dimension k,,; X 1. Now for each nonrisk
factorw; s, i=1,2,...,kyj, we compare the two models

Mo s Wy =y Xjs+ €jip (1)

and

M]l-’l . wj,,-,t = D(]',,‘ + )/],-,ix]‘/t + sj,j,t (22)
using marginal likelihoods. If the log marginal likelihood
of the second model does not exceed that of the first
model by more than 1.15, then, by an application of Jef-
freys’ rule, we can conclude that imposing the zero a;;
pricing restriction does not result in a marginal likeli-
hood penalty. Stated yet another way, this means that
the nonrisk factor w;; can be priced by the risk factor set
x; of that model Mj;. If this condition holds for each of the
factors in wj, we conclude that the risk factor set of that
model satisfies the ICC condition.

Our analysis shows that the CAPM, Fama and French
family, HXZ, SY, and DHS models do not satisfy ICC.
Specifically, the single Mkt factor cannot price the re-
maining 10 nonrisk factors except SMB. The risk factor
sets of the Fama and French family of models can price at
most one nonrisk factor (IA). The risk factors of HXZ can
price all of the Fama and French factors and PERF but
cannot price MGMT, PEAD, and FIN. The risk factors of
SY and DHS models cannot price two nonrisk factors,
ROE and PEAD, and IA and MGMT, respectively. In
contrast, the top models in .# . satisfy the ICC condition
fully, which helps to explain why those models rank
high in the benchmark model scan.

3.4. Predictive Performance

We now report on the out-of-sample (OOS) predictive
performance of the top models. We do this in terms of
the predictive likelihood, which is the standard Bayesian
predictive measure. The predictive likelihood, like the
marginal likelihood, is a number when evaluated at a
particular sample of future observations and can be used

to rank the predictive performance of each model in the
model space.

To define the predictive likelihood, let y,; denote the
in-sample data and let y,,¢ denote the OOS data. Let
7(60;1M;,y;5) denote the posterior distributions of the
parameters of Mj;. Then, the predictive likelihood under
model M of the OOS data is defined as

M oosl ¥ 315) = [ Pos!5, 0)m(014, 4,90,
()

where

PYoos M, 0) = H N, (07,41 A, Qu )Nk, (@ [T, Qi )
te00S

is the out-of-sample density of the factors given the
parameters. We compute this integral by Monte Carlo.

Let {0](-1), ey O(G)} denote the Markov chain Monte Carlo
(MCMC) sample from 7(0;|Mj;, y5), with G being a large
integer. Then our estimate of the predictive likelihood is
given by

1E&
mj(yoos M, y,5) = azp(yoos | M, 0](8))'
g=1

In implementing this procedure, we split the available
sample of 40 years into 30 years for estimation purposes
and 10 years for OOS prediction (the first 5 years of our
data are used to fix the prior, as discussed previously). In
total, we consider 13 different contiguous divisions of
the available sample into y,; and y s, and for each such
division, we re-estimate the model and calculate the pre-
dictive likelihood. The prediction performance measure
is the average of these 13 predictive likelihoods. We
repeat this computation for each model.

In Table 4, we report the log of the average predictive
likelihoods of the top three models and those of compet-
ing models. We see that the log average predictive likeli-
hoods of the top three models are larger than 1.15 on the
log scale compared with the competing models, which
means that these models outperform the competing
models on the predictive dimension.

4. Extended Model Scan

We now turn to a model scan deployed on models con-
structed from a much larger initial set of factors. There
are many additional factors to draw upon and the
approach we describe can be used with any such set. For
our analysis here, we focus on the 125 anomalies in Green
etal. (2017) and Hou et al. (2020). These anomalies, which
are rebalanced at an annual or quarterly frequency,
exclude anomalies that are rebalanced at a monthly fre-
quency, because the latter cease to be anomalies once
transaction costs are taken into account (Novy-Marx and
Velikov 2016, Patton and Weller 2020). All these portfo-
lios are value-weighted and held for one month. We
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Table 4. Log Average of Predictive Likelihoods for the Benchmark Model Scan
Risk factors log m; (Yoos IM;, yys)
Panel A: Top three models in M. of the benchmark model scan
Mkt, SMB, MOM, ROE, MGMT, PERF, PEAD 3,825.34
Mkt, SMB, MOM, ROE, MGMT, PEAD 3,826.63
Mkt, SMB, ROE, MGMT, PEAD 3,826.03
Panel B: M; and models with the same risk factor sets as CAPM, FF3, FF5, FF6, HXZ, SY, and DHS
12 initial factors 3,825.14
Mkt 3,801.90
Mkt, SMB, HML 3,802.03
Mkt, SMB, HML, RMW, CMA 3,806.89
Mkt, SMB, HML, CMA, RMW, MOM 3,809.54
Mkt, SMB, IA, ROE 3,814.66
Mkt, SMB, MGMT, PERF 3,815.35
Mkt, FIN, PEAD 3,820.60
Note. This table reports the log average of log predictive likelihoods of selected asset pricing models in
benchmark model scan.
have monthly observations on these anomalies spanning ~ and
the period from January 1974 to December 2018 for a total . , iid. )
of 540 observations. We partition these observations into MG s zip = ai +yixe + g €10 = N0, 07). (24)

the training sample and the estimation sample, just as in
Section 3.

The empirical question is whether there is information
in these anomalies that can be captured to produce better
statistical performance (in terms of marginal likelihoods),
better performance in pricing the cross section, and higher
annualized OOS Sharpe ratios of tangency portfolios built
from the best-fitting risk factors. To answer these ques-
tions, we recognize that the 12 initial factors are already
vetted factors, and therefore the anomalies that enter the
pool of augmented factors should be those that cannot be
priced by these initial factors. This point helps to limit the
dimension of the model space and allows us to design a
full model scan approach, as we now detail.

4.1. Genuine Anomalies

The model space with all 125 anomalies is 2'*, which is
astronomically large. However, it is unnecessary to con-
sider such a large model space because many of the anom-
alies can actually be priced by the initial factors. In fact,
Harvey et al. (2016) and Hou et al. (2020) have cast doubt
on the credibility of these anomalies, and Cochrane (2011)
has raised similar concerns.

The first step, therefore, is to eliminate anomalies that
are not genuine anomalies. An anomaly is a genuine anom-
aly if it cannot be priced by the core set. Here is how we
sort thisissue out. Letz;,i =1,2,...,125, denote the anom-
alies. Let x = (Mkt, SMB, HML, RMW, CMA, MOM, 1A,
ROE, MGMT, PERF, PEAD, FIN) denote the 12 initial fac-
tors. Now for each anomaly z; as the response, and x as the
covariates, we estimate two models, one without an inter-
cept and one with an intercept:

M6 D Zip = )/;xt + Eitr Eit ll’de(O, 012) (23)

In estimating these models, the first five years of the
data are used as a training sample to pin down the
hyperparameters of the proper prior distributions. We
then use standard Bayesian MCMC methods to esti-
mate model on the remaining 40 years of the data: y, ;..
The log marginal likelihood of each model is computed
by the method of Chib (1995). Denote these marginal
likelihoods by logmi(y,|M)) and logmn(y,.,|Mj).
Then, based on the scale of Jeffreys (1961), if the follow-
ing condition holds

log m} (y,.r|1M}) — logm(y,.-|Mp) > 1.15, (25)

then x is not able to price z;. In this case, we assert that z;
is a genuine anomaly; otherwise, z; is not a genuine
anomaly.

We get 24 genuine anomalies on applying this proce-
dure, which is a rather significant finance-driven reduc-
tion in dimension. The genuine anomalies are Acc, Age,
Ala, Alaq, Atoq, Blq, Cash, Claq, Cop, Currat, Dfin, Dwc,
Em, Hire, Lbp, Lev, Olaq, QM], Quick, SA, Salecash, Sgr,
Sue, and Tang. Details about these anomalies are given
in Table 5.

4.2. Potential Risk Factor Set

The model space consisting of the 12 original factors and
24 genuine anomalies has cardinality of around 69 billion
(236 —1=168,719,476,735). Rather than scan these many
models, we convert the genuine anomalies into PCs and
then work with the first several of those PCs. The idea of
transforming the genuine anomalies into PCs is similar
to Kozak et al. (2020). Our idea is related, but distinct, as
we keep some factors as is, but only convert the less
important (the genuine anomalies) into PCs. Of course,
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Table 5. Genuine Anomalies Explanations

Table 6. Importance of Principal Components

PC; PC, PC; PGy PCs PG

Anomalies Explanations

Acc Working capital accruals

Age Number of years since first Compustat coverage

Ala Liquidity of book assets

Alaq Quarterly liquidity of book asset

Atoq Quarterly asset turnover

Blq Quarterly book leverage

Cash Cash and cash equivalents/average total assets

Claq Quarterly cash-based operating profits-to-lagged
book assets

Cop Cash-based operating profits-to-book assets

Currat Current ratio

Dfin The change in net financial assets

Dwc The change in net noncash working capital

Em Enterprise multiple

Hire Percent change in number of employees

Lbp Leverage component of book to price

Lev Total liabilities / fiscal year-end market capitalization

Olaq Quarterly operating profits-to-lagged assets

QM] Quality-minus-junk

Quick (Current assets — inventory)/current liabilities

SA Size-age index representing financial constraints

Salecash ~ Annual sales / cash and cash equivalents

Sgr Annual percent change in sales (sale)

Sue Earnings surprise

Tang Debt capacity/firm tangibility

the genuine anomalies are a subset of the entire set of
anomalies, and the PCs made from this subset cannot
have more information than the PCs made from the
whole set of anomalies. However, the PCs made from
the genuine anomalies are more interpretable and, as we
have confirmed, lead to materially the same final results.

We emphasize again that reducing the 125 anomalies
to the set of 24 genuine anomalies is a dimension-reduction
strateqy, as is the conversion of the genuine anomalies to
the space of principal components. Whether as anoma-
lies, or as PCs, these factors are portfolios of assets. Our
purpose here is to understand whether the PC factors
provide incremental information for pricing the cross-
section and investment purposes. Therefore, we imple-
ment the extended scan on the 12 initial factors plus the
first 12 PCs (the latter explain more than 90% of the varia-
tion in the genuine anomalies, as shown in Table 6).

5. Extended Model Scan: Results

5.1. Top Model Set

Starting with the potential risk factor set of dimension
K =24, 12 factors, and 24 PCs, and applying the method-
ology given in Section 2, we calculate the marginal likeli-
hood of each of the] =16,777,215 models in .# , and the

Pr (?1:T_| Mj*)
Pr(M]})

these ratios for the top 220 models in Figure 4, in which
the dashed horizontal line represents the cutoff of the top
model set (these are the models whose distance to the

ratio , used earlier in Section 3.2.1. We report

Standard deviation 12.88 8.18 456 444 4.08 3.64
Proportion of variance 42.19 17.00 537 5.01 4.23 3.37
Cumulative proportion 42.19 59.20 64.57 69.58 73.81 77.18

PC; PCg PCy PCyp PCyy PCpp

Standard deviation 350 3.08 3.01 291 271 2.44
Proportion of variance ~ 3.11 240 231 215 1.87 1.51
Cumulative proportion 80.29 82.69 85.00 87.15 89.02 90.53

PCi3 PCyy PCys PCyy PCyy; PCyg

Standard deviation 233 222 216 202 1.86 1.73
Proportion of variance 138 125 1.19 1.04 0.88 0.76
Cumulative proportion 91.92 93.17 94.35 95.39 96.27 97.02

PCi9 PCy PCy PCp PCy  PCyy

Standard deviation 1.65 149 144 134 132 1.08
Proportion of variance  0.69 057 0.54 046 0.44 0.29
Cumulative proportion 97.71 98.28 98.86 99.26 99.71 100.00

Note. This table reports the importance of principal components of 24
genuine anomalies in percentage.

best model on the log marginal likelihood scale is less
than 1.15).

In Panel A of Table 7, we give the risk factor sets, log
marginal likelihoods, and posterior model probabilities
for each of the 13 models in the top model set. The num-
ber of risk factors in ./, range from 10 to 12. The risk
factors common to these top models are Mkt, MOM,
ROE, PEAD, MGMT, PC;, PCs, and PC;. To understand
which of the genuine anomalies are represented by these
three PCs, we plot in Figure 5 the loadings that each PC
puts on those 24 genuine anomalies. We also note that
the risk factors that are common to the top three models
in the benchmark model scan, {Mkt, SMB, ROE, PEAD,
MGMT}, are also the risk factors that are common to the

Figure 4. (Color online) Top 220 Models of the Extended
Model Scan
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Table 7. Marginal Likelihoods and Posterior Model Probabilities in the Extended Model Space M

Risk factors logm;(ij .7 | M[]») Pr(¥,.r |I\~41j)
Panel A: Top models in M., of the extended model scan
Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC;, PCs, PC; 26,052.82 1.15%x 1072
Mkt, MOM, IA, ROE, MGMT, PEAD, FIN, PCy, PC3, PCs, PC; 26,052.78 111 %1072
Mkt, RMW, MOM, 1A, ROE, MGMT, PEAD, FIN, PC;, PCs, PC; 26,052.64 9.67 x 1073
Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PCy, PC3, PCs, PC; 26,052.63 958 %1072
Mkt, MOM, 1A, ROE, MGMT, PEAD, FIN, PCy, PCs, PC; 26,052.59 9.18 x 1072
Mkt, RMW, MOM, 1A, ROE, MGMT, PEAD, PC,, PCs, PC; 26,052.44 791 %1073
Mkt, RMW, MOM, 1A, ROE, MGMT, PEAD, FIN, PC;, PCs, PCs, PCy 26,052.28 6.71 x107°
Mkt, MOM, ROE, MGMT, PEAD, FIN, PC,, PC;, PCs, PC; 26,051.99 5.01 %1073
Mkt, RMW, MOM, 1A, ROE, MGMT, PEAD, PCy, PC3, PCs, PC; 26,051.94 479%107°
Mkt, CMA, MOM, ROE, MGMT, PEAD, FIN, PCy, PC3, PCs, PC; 26,051.91 4.65x1073
Mkt, RMW, MOM, 1A, ROE, MGMT, PERF, PEAD, FIN, PC,, PCs, PC; 26,051.84 432%x107°
Mkt, CMA, MOM, ROE, MGMT, PEAD, FIN, PC;, PCs, PC; 26,051.79 415%x 1073
Mkt, MOM, 1A, ROE, MGMT, PERF, PEAD, FIN, PC;, PCs, PCy, PCy; 26,051.72 3.85x 1072

Panel B: Models with the same risk factor sets as the top three models in M. of the benchmark model scan

Mkt, SMB, MOM, ROE, MGMT, PERF, PEAD
Mkt, SMB, MOM, ROE, MGMT, PEAD
Mkt, SMB, ROE, MGMT, PEAD

Panel C: M; and models with the same risk factor sets as CAPM, FF3, FF5, FE6, HXZ, SY, and DHS

12 initial factors and 12 PCs

Mkt

Mkt, SMB, HML

Mkt, SMB, HML, RMW, CMA

Mkt, SMB, HML, RMW, CMA, MOM
Mkt, SMB, IA, ROE

Mkt, SMB, MGMT, PERF

Mkt, PEAD, FIN

26,034.78 1.69 x 10710
26,034.84 1.80%x 10710
26,034.61 1.43x 10710
26,032.59 1.88x 1071
25,988.45 1.28 x 107
25,987.46 4.75x107%
25,999.60 8.88 x 1072
26,001.59 6.49 x 10
26,011.64 1.51x 1072
26,020.84 1.49 x 1071°
26,026.61 477 x 1071

Notes. This table reports the results from the comparison of the ] = 16,777,215 asset pricing models. Panel A has
the results for the top models in M. of the extended model scan, Panel B for quels with the same risk factor sets
as the top three models in M. of the benchmark model scan, and Panel C for My and models with the same risk

factor sets as CAPM, FF3, FF5, FF6, HXZ, SY, and DHS.

top 13 models in the extended model scan, except that
SMB s replaced by MOM.

5.2. Parameter Updating for the Best Model
We now provide more details about the best model in
the extended model scan M., in which the risk factor set
is given by ¥1.; = (Mkt, MOM, IA, ROE, MGMT, PERF,
PEAD, FIN, PC;, PCs, PC7);, and the nonrisk factor set is
given by wi.; = (SMB,RMW,HML, CMA, PC,, PC3, PCy,
PC6/ PCS/ PC9/ PClO/ PCH,PCH);:
Mis: #1t = Ayte +Ex101, Ex1et ~ N11(0,Q012),
——
11x1
wl*,t = fl* il*,t + éw-x,l*,i‘/ éw-x,l*,t ~ N13(0/ Qw-x,l*)~
~—

13x11

Similar to Section 3.2, the prior and posterior statistics,
that is, prior mean, posterior mean, posterior standard
deviation, posterior median, 2.5% quantile, and 97.5%
quantile for the risk premia A1., are provided in Table 8.

5.3. Internal Pricing Performance

All 13 models in the top model set ./, price the corre-
sponding nonrisk factors completely, except that the
eighth best cannot explain one nonrisk factor. In contrast,
the CAPM, Fama and French family, HXZ, SY, and DHS
risk factors cannot price 16, 14, 12, 10, 8, 6, and 5 nonrisk
factors, respectively. Moreover, the risk factors in the top
three models from the benchmark scan cannot price
PC,, PC,, and PCy. In total, this evidence shows that the
extended model scan produces an improved set of initial
factors.

5.4. Predictive Performance

The predictive likelihood computation confirms that the
best model from the extended model scan is better able
to predict the OOS observations. The results are given in
Table 9, which reports the log average predictive like-
lihoods for the top models in M .. For comparison, we
also include the log average predictive likelihoods of
the top three models from the benchmark model scan
and those in the CAPM, Fama and French family mod-
els, SY, and DHS models. We can see that the new top
models have superior predictive performance.
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Figure 5. (Color online) Genuine Anomalies” Loadings for Selected PCs
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6. Economic Performance
6.1. External Pricing Performance: Pricing the
Cross Section

The best asset pricing models from the benchmark and
extended model scans are defined, respectively, by the
following risk factors:

e x1.: {Mkt, SMB, MOM, ROE, MGMT, PERF, PEAD}
and

e X1.: {(Mkt, MOM, IA, ROE, MGMT, PERF, PEAD,
FIN, PC;, PCs, PC7}

Given that the latter model is the best from among a
far larger collection of models, we expect to see that it

UEUD-;>IO" Jd(j.-ﬂ%van
255 9 58l R N - -~
A T ~ SH a =
=
v
PCs ©PCs

prices more of the cross section than the latter model. For
a taste of this performance, we consider as test assets the
excess returns of 49 industry portfolios over the period
January 1974 to December 2018 (the period of sample),
downloaded from the Kenneth R. French data library
website. The pricing that we used to extract genuine
anomalies can be applied to see which portfolios are
priced by each asset pricing models.

Consider for example, the first model where the factors
are x1. = (Mkt, SMB, MOM, ROE, MGMT, PERF, PEAD).
Now for each industry portfolio r{ as the response,

1
and x;. as the covariates, we estimate two models, one

Table 8. Prior and Posterior Statistics of the Risk Premia Parameters of the Best Model of the

Extended Model Scan M.

Posterior

Prior mean Posterior mean standard deviation Posterior median 2.5% quantile 97.5% quantile

Mkt 0.11 0.65 0.20
MOM 0.51 0.61 0.21
IA 0.67 0.32 0.09
ROE 0.44 0.57 0.12
MGMT 0.77 0.56 0.13
PERF 0.29 0.70 0.19
PEAD 0.77 0.58 0.09
FIN 0.75 0.67 0.18
PCy —0.04 0.21 0.63
PCs 1.66 0.93 0.17
PC; 0.38 0.10 0.16

0.65 0.24 1.05
0.61 0.21 1.02
0.32 0.15 0.50
0.57 0.34 0.80
0.56 0.30 0.82
0.70 0.33 1.06
0.58 0.41 0.75
0.67 0.31 1.03
0.21 —1.02 1.45
0.93 0.60 1.28
0.10 —0.22 0.42

Note. This table reports the prior and posterior statistics, that is, prior mean, posterior mean, posterior standard
deviation, posterior median, 2.5% quantile, and 97.5% quantile in percentage for the risk premia A, 1. of the best model
M, which has Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC;, PCs, and PC; as risk factors.
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Table 9. Log Average of Predictive Likelihoods for the Extended Model Scan

Risk factors

log (7005 |Mf/gls)

Panel A: Top models in M. of the extended model scan

Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC;, PCs, PC;

Mkt, MOM, IA, ROE, MGMT, PEAD, FIN, PC;, PCs, PCs, PC;

Mkt, RMW, MOM, IA, ROE, MGMT, PEAD, FIN, PC,, PCs, PCy
Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC;, PC3, PCs, PC;
Mkt, MOM, IA, ROE, MGMT, PEAD, FIN, PC;, PCs, PC;

Mkt, RMW, MOM, IA, ROE, MGMT, PEAD, PC,, PCs, PC;

Mkt, RMW, MOM, IA, ROE, MGMT, PEAD, FIN, PC;, PC3, PCs, PCy
Mkt, MOM, ROE, MGMT, PEAD, FIN, PC,, PC3, PCs, PCy

Mkt, RMW, MOM, IA, ROE, MGMT, PEAD, PC;, PC3, PCs, PCy

Mkt, CMA, MOM, ROE, MGMT, PEAD, FIN, PC;, PCs, PCs, PC;
Mkt, RMW, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC;, PCs, PC;
Mkt, CMA, MOM, ROE, MGMT, PEAD, FIN, PC;, PCs, PC;

Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC;, PCs, PCy, PCy,

6,971.37
6,971.47
6,972.15
6,970.92
6,971.88
6,971.62
6,971.55
6,969.37
6,970.97
6,970.42
6,971.54
6,970.86
6,971.14

Panel B: Models with the same risk factor sets as the top three models in M., of the benchmark model scan

Mkt, SMB, MOM, ROE, MGMT, PERF, PEAD
Mkt, SMB, MOM, ROE, MGMT, PEAD
Mkt, SMB, ROE, MGMT, PEAD

6,960.73
6,961.46
6,960.44

Panel C: M; and models with the same risk factor sets as CAPM, FF3, FF5, FE6, HXZ, SY, and DHS

12 Initial Factors and 12 PCs

Mkt

Mkt, SMB, HML

Mkt, SMB, HML, RMW, CMA

Mkt, SMB, HML, CMA, RMW, MOM
Mkt, SMB, IA, ROE

Mkt, SMB, MGMT, PERF

Mkt, FIN, PEAD

6,968.85
6,940.02
6,940.62
6,945.02
6,946.19
6,950.83
6,950.81
6,955.90

Note. This table reports the log average of predictive likelihoods of selected models in the extended model scan.

without an intercept and one with an intercept:
i iid. 2
01 Th = Vixrer + €, €ip = N(O,07) (26)
and
i N o idd. 2
M7, = + Y+ i, €ip ~ N(O,07). (27)

If log marginal likelihood difference exceeds 1.15, we say
that the portfolio i is not priced by this model. For further
insight into the pricing performance, we calculate the
Bayesian pricing error. In MJ, the pricing error is zero,
whereas in M, it is a;. These two errors can be weighted
by the posterior probability of each model to give an esti-
mate of the Bayesian pricing error. Denote the data by
Y,.r, then the posterior probability that M} is true (assum-
ing equal prior probabilities) is

mg(y1:T|M1i) ‘
my(yy.7 M) +my (yy.p M)

P =

Denote the posterior mean of «; from the intercept model
by &; 7411, where

di,T+1\Té/a‘in(olMi'yl:T)de'
fe)

We now let the pricing error be the adjusted posterior
mean given by
diﬁd%m =p1 X dirar

We report these pricing errors in Table 10 for each of the 49
industry portfolios. We can see the risk factor set ¥1. of the
extended model scan achieves lower pricing errors. In
addition, the results show that the top asset pricing model
from the benchmark model scan fails to price four industry
portfolios, that is, personal services, computer software,
real estate, and other industry portfolios (the latter includes
sanitary services, steam and air conditioning supplies, irri-
gation systems, and cogeneration), whereas the best model
from the extended model scan prices all 49 industry portfo-
lios, also signaling that it is a superior asset pricing model.

6.2. OOS Sharpe Ratios

Given the different asset pricing models, we now con-
sider the OOS performance of tangency portfolios com-
posed only of the risk factors. For each model (and its
associated set of risk factors), we recursively calculate the
tangency portfolio for the following month (thus these
portfolios are calculated on an expanding window). For
each OOS month, we calculate the realized return of op-
timal risk factor tangency portfolios constructed in the
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Table 10. Pricing Error

Abbreviations Industry portfolios X1 X1

Agric Agriculture —-0.01  0.02
Food Food products —-0.02  0.01
Soda Candy and soda -0.03 001
Beer Beer and liquor -0.01  0.02
Smoke Tobacco products 0.01  0.02
Toys Recreation —0.06 —0.02
Fun Entertainment 021 0.10
Books Printing and publishing -0.17 -0.17
Hshld Consumer goods —0.10 0.00
Clths Apparel —0.05 —0.04
Hlth Healthcare —0.06 —0.01
MedEq Medical equipment 0.01 0.01
Drugs Pharmaceutical products 0.02 0.03
Chems Chemicals 0.00 0.01
Rubbr Rubber and plastic products —0.04 0.00
Txtls Textiles -0.19 -0.17
BldMt Construction materials —0.27 —0.06
Cnstr Construction —0.15 —0.03
Steel Steel works etc 0.00 —0.01
FabPr Fabricated products -0.01 0.01
Mach Machinery 0.02 0.10
ElcEq Electrical equipment 0.00 0.04
Autos Automobiles and trucks —-0.03 0.01
Aero Aircraft 0.00 0.01
Ships Shipbuilding, railroad equipment =~ —0.05 —0.01
Guns Defense 0.00 0.04
Gold Precious metals 0.13 040
Mines Non-metallic and industrial 0.02  0.07

metal mining

Coal Bituminous coal and lignite mining ~ 0.04  0.02
Oil Petroleum and natural gas 0.02 0.04
Util Utilities 0.00 0.01
Telem Communication 0.05 0.20
PerSv Personal services —-0.57 —0.21
BusSv Business services —0.02  0.00
Hardw Computers 0.33 —0.02
Softw Computer software 054 037
Chips Electronic equipment 030 0.01
LabEq Measuring and control equipment 016 0.13
Paper Business supplies -0.31 -0.15
Boxes Shipping containers 0.00  0.02
Trans Transportation —-0.08 0.01
Whisl Wholesale —0.08 —0.06
Rtail Retail —0.03  0.00
Meals Restaurants, hotels, motels —0.04 0.00
Banks Banking —0.21 —0.04
Insur Insurance —0.18 —0.04
RIEst Real estate -0.44 -0.25
Fin Trading 0.18 0.04
Other Almost nothing —0.46 -0.08

Note. This table reports the Bayesian pricing errors of 49 industry
portfolios for the risk factor sets (x1. and %1.) of the best models from
the benchmark and the extended model scans, respectively.

previous month. We use these OOS realized returns to
calculate the OOS Sharpe ratio for that set of risk factors.
We use this as the metric to score the different models.
For any given set of risk factors, we calculate the OOS
Sharpe ratio as follows.
1. Fix the data from January 1974 to December 1978 to
be the training sample (as in all the previous model scans).

2. Let x denote the given risk factors. For example,
x = (Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN,
PC,, PCs, PC7), those in the best model from the extended
model scan.

3. Set January 2009 to be start of the OOS period.
Thus, the OOS period runs from January 2009 to
December 2018, a span of 120 months.

4. Let T* denote December 2008 and create a storage
vector port,g of length 120 that is populated with zeros.
Then, repeat the following steps for ¢=1,2,...,120,
where g loops over the months in the OOS period.

5. Use the sample from t = 1to t = T* + (g — 1) to esti-
mate the factor model

Xt = Ax + &y, (28)
w: = Fxt + Sw-x,tr (29)

where w contains the remaining (nonrisk factors).
6. Use the MCMC output from Step 5 to find the pre-
dictive weights, weightsy. ., of the tangency portfolio

made from x, as described later.

7. Let x7-44 denote the data on the risk factors for
t =T" +g, the month right after the end of the estima-
tion period in Step 5. Together with weights,.,  from
Step 5, calculate the realized portfolio excess return for
t = T* + g and save it in the gth row of port .

8. Increment g and go to Step 5.

9. Finally, calculate the annualized OOS Sharpe ratio as

a mean(portyqg)
SRoos = V12 sd(portong)

where V12 is used because the data are monthly.

We now describe a Bayesian predictive approach to
find the predictive weights for the tangency portfolio in
Step 6 of the previous procedure.

Consider and model M with associated risk factors
x. For any g€{1,2,...,120}, let the available data be
Y1741, Where T = December 2008. Now consider cal-
culating the predictive mean of x7-:

E[xT”'glM'yl:ngfl] £ XT1g| T g1

= /xT*+gka(xT*+g|AX/ Qx)ﬂ(ﬂ|M,y1:T*+g_1)d9de»+g,

which by changing the order of the integration can be
seen to just equal the posterior mean of A,:

Iy A
xT*+g\T*+g—1 = Ax,T*+g|T*+g—1 = / /\xT((OlM, yl:T*_*_gil)do,
c)
and the predictive covariance of x7-,4:

JAN ’
QuroagTorg1 = /(xT‘+g — X7 4g| Tr+g—1)(XTr4g — X7 4| T 4g-1)

ka (xT*+g | Ay, Qx)
m(6; |M'y1;T*+371)d9de*+g,



Downloaded from informs.org by [2607:fb90:39h9:9¢87:d9%ee:aB2a:bd21:ab0] on 01 February 2023, at 03:06 . For personal use only, all rights reserved.

Chib, Zhao, and Zhou: Winners from Winners: A Tale of Risk Factors
Management Science, Articles in Advance, pp. 1-19, © 2023 INFORMS

17

which by the law of iterated expectations for covariances
simplifies to the sum of the posterior mean of (), and the
posterior variance of A,:

Qg Toag-1= /@an(ele’ylzT*Jrg—l)de
+ / ()‘x - Xx,T*+g|T*+g—1)(Ax - Xx,T*+g|T*+g—1)’
®
7(0|M,y,.7)d6.

Both quantities are straightforwardly estimated from
the estimation step given MCMC draws from 7(6;| M,
Yi.p4g-1)- Given these predictive moments, we get the

predictive weights as
Qil* o X T +¢|T*+o—1
weightsTurg =X TH8ITHg 1D i { L , §=1,2,...,120,

where D is the normalizer (the sum of the vector of terms
in the numerator).

6.3. OOS Sharpe Ratios: Results

We calculate the preceding annualized OOS Sharpe
ratios for the risk factors in the top models from the
benchmark and extended model scans and for the risk

factors in the CAPM, Fama and French family, HXZ, SY,
and DHS collections. As mentioned previously, the OOS
period runs from January 2009 to December 2018.

The results are reported in Table 11. Panel A has the
results for the top models in .., Panel B for the top mod-
elsin.#., and Panel C for the M;, M;, CAPM, Fama and
French family, HXZ, SY, and DHS models. We find that
in the benchmark model scan, all 12 factors can achieve
an annualized OOS Sharpe ratio of 1.07, whereas invest-
ing in the seven risk factors in M. gives an annualized
Sharpe ratio of 1.08. If we consider the CAPM from Panel
C as the baseline, we can see that the models in .7, have
at most around 14% higher annualized OOS Sharpe
ratios, and the models in .7, have at least around 51%
higher annualized OOS Sharpe ratios. Moreover, in the
extended model scan, all 24 factors can achieve an annu-
alized OOS Sharpe ratio of 1.36, whereas investing in the
top risk factor sets produces an annualized OOS Sharpe
ratio of at least 1.43. Thus, we see that the marginal likeli-
hood and Sharpe ratio rankings are roughly aligned.

6.4. Converting Everything into PCs or Risk
Premium-PCs

As a contrast to the approach in the previous section, and

at some loss of interpretability, it is possible to convert all

Table 11. Annualized Out-of-Sample Sharpe Ratios

Risk factors

Sharpe ratios

Panel A: Risk factor sets of the top models in M., of the extended model scan

Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC,, PCs, PCy 1.49
Mkt, MOM, IA, ROE, MGMT, PEAD, FIN, PC;, PCs, PCs, PCy 1.47
Mkt, RMW, MOM, 1A, ROE, MGMT, PEAD, FIN, PC;, PCs, PC; 1.49
Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC,, PC3, PCs, PC; 1.52
Mkt, MOM, IA, ROE, MGMT, PEAD, FIN, PC;, PCs, PC; 1.44
Mkt, RMW, MOM, IA, ROE, MGMT, PEAD, PC,, PCs, PCy 1.44
Mkt, RMW, MOM, 1A, ROE, MGMT, PEAD, FIN, PCy, PCs3, PCs, PC; 1.50
Mkt, MOM, ROE, MGMT, PEAD, FIN, PC,, PC3, PCs, PCy 1.43
Mkt, RMW, MOM, 1A, ROE, MGMT, PEAD, PC,, PC3, PCs, PC; 1.46
Mkt, CMA, MOM, ROE, MGMT, PEAD, FIN, PC;, PCs, PCs, PCy 1.47
Mkt, RMW, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC,, PCs, PCy 1.51
Mkt, CMA, MOM, ROE, MGMT, PEAD, FIN, PC;, PCs, PC; 1.43
Mkt, MOM, IA, ROE, MGMT, PERF, PEAD, FIN, PC;, PC5, PC7, PCy, 1.52
Panel B: Risk factor sets of the top three models in M. of the benchmark model scan
Mkt, SMB, MOM, ROE, MGMT, PERF, PEAD 1.08
Mkt, SMB, MOM, ROE, MGMT, PEAD 1.01
Mkt, SMB, ROE, MGMT, PEAD 0.96
Panel C: Risk factor sets of My, M;, CAPM, FF3, FF5, FF6, HXZ, SY, and DHS models
12 initial factors and 12 PCs 1.36
12 initial factors 1.07
Mkt 0.95
Mkt, SMB, HML 0.42
Mkt, SMB, HML, RMW, CMA 0.85
Mkt, SMB, HML, CMA, RMW, MOM 0.70
Mkt, SMB, IA, ROE 0.75
Mkt, SMB, MGMT, PERF 1.10
Mkt, FIN, PEAD 0.97

Note. This table reports the annualized out-of-sample Sharpe ratios for the risk factor sets of selected asset

pricing models based on G = 100,000.
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137 factors to PCs. The first several of those PCs can be
used as factors (Lettau and Pelger 2020, He et al. 2022).
One can then make tangency portfolios OOS of those
few PCs. To implement this approach to dimension
reduction, we construct the PCs by the conventional
approach and by the risk-premium (RP-PC)-adjusted
method of Lettau and Pelger (2020).

The RP-PCs are constructed as follows. Let F: 540 X
137 denote the original data set consisting of 45 years of
observations of 12 initial factors and 125 genuine anoma-
liesand F : 137 X 1 denote the column-wise sample mean.
For a parameter y > —1, let

1,
L, =zFF+)FF, (30)

where T = 540. Now apply the standard PC analysis to
X, to obtain the matrix Q,, : 137 X 137, where each column
of Q, is an unit eigenvector corresponding to an eigenva-
lues of ¥, organized in descending order. Next define
the transformation F, = FQ,, : 540 X 137. The RP-PCs are
the columns of F,. When y = -1, L, is the variance-
covariance matrix of the original data set, and the RP-PCs
reduce to the standard PCs. Following Lettau and Pelger
(2020), we set y = 10 in our empirical evaluation, but we
also use the values y = 5 and y = 15. Given the trans-
formed data matrix F,, we then take the first L RP-PCs to
be the risk factors for different values of L up to 12 (the
maximum number of risk factors of the top model set in
the extended scan).

In Table 12, we report the annualized OOS Sharpe ratios
for tangency portfolios made from the PCs and RP-PCs
using y = —1,5,10, and 15, respectively, for L =1, 3,5, 10,
and 12. These are based on the same 10-year, January 2009
to December 2018, OOS period. When L = 1, the PC and
RP-PCs donot do well. This is to be expected as the first PC
is the most volatile of the PC factors. The same is true for
the first RP-PC even though it trades off some reduction in
the volatility for an improved expected return estimate.
The annualized OOS Sharpe ratios improve with L for
both the PC and RP-PC factors, reaching 0.83 when L = 12
for y = —1 and 144 for y = 15. The values attained are

Table 12. Annualized Out-of-Sample Sharpe Ratios for PC
and RP-PC Portfolios

L y=-1 y=5 y =10 y =15
1 —0.12 —0.08 —0.03 0.05
3 0.64 0.92 1.00 1.04
5 0.35 0.78 0.89 0.94
10 0.50 1.09 1.24 1.32
12 0.83 1.32 1.41 1.44

Notes. This table reports the annualized out-of-sample Sharpe ratios
for tangency portfolios made from the first L PCs or RP-PCs, for
different values of L and different values of y. The OOS sample period
is January 2009 to December 2018.

typically lower than those from the best model from the
extended scan that we report in Panel A of Table 11.

To avoid any semblance of look-ahead bias, we also
conduct this out-of-sample comparison by redoing the
extended model scan with data up to December 2008.
Similarly, we calculate the loading matrix in the RP-PC
procedure with data up to December 2008. The top
Bayesian models (not surprisingly) are different, but the
results from this comparison are similar to what we have
reported previously. Briefly, this comparison shows that
the risk factor sets from these top Bayesian models can
achieve annualized OOS Sharpe ratios of at least 1.00
and about 0.69 for RP-PC factors when L = 10 and y = 15.
The latter, however, are similar to the annualized OOS
Sharpe ratios of top Bayesian models when L = 12 and
y =5,10,and 15.

7. Conclusion

We studied the implications of the Bayesian model scan
framework of Chib and Zeng (2020) and Chib et al. (2020)
for risk factor selection. Starting from the 12 distinct risk
factors in Fama and French (1993, 2015, 2018), Hou et al.
(2015), Stambaugh and Yuan (2017), and Daniel et al.
(2020), a comparison of all possible implied asset pricing
models shows that the seven-factor model consisting of
{Mkt, SMB, MOM, ROE, MGMT, PERF, PEAD} gets the
most support from the data in terms of posterior model
probability, internal pricing performance, out-of-sample
predictive performance, and annualized out-of-sample
Sharpe ratio.

We also devise a way for conducting a model scan
when the initial set of potential risk factors leads to an
astronomically large model space. For example, we con-
sider the case where one is interested in selecting the best
risk factors from the initial set of 12 factors plus 125
anomalies. The resulting model space of 2'* models is
intractable. Converting all the variables to RP-PCs loses
interpretability. Assuming that the first several of the lat-
ter are risk factors is possible, but, as we show, inferior to
our finance motivated dimension reduction strategy that
reduces the model space to a manageable size before
scanning the space of models.

The results from the extended model scan show that
the best model consists of {Mkt, MOM, IA, ROE, MGMT,
PERF, PEAD, FIN} plus the nonconsecutive principal
components, {PCy, PCs, PCy}. The pricing comparison
suggests that we should use this collection for computing
expected returns. The best asset pricing model from this
extended model scan does better pricing of test assets
and produces higher annualized OOS Sharpe ratios for
tangency portfolios composed only of the risk factors.

The general approach that we described in this paper
has applications beyond this paper. The idea of combining
well-vetted factors to come up with the best few and the
idea of using a finance-motivated dimension reduction to
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reduce the set of possible models are likely to prove useful
for other asset categories such as bonds, currencies, and
commodities and should open up avenues for further
research.
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Endnote

1 There are slight differences in these collections in relation to the size
factor SMB, which we ignore for simplicity. More detailed explana-
tions, the sources, and the summary statistics are provided in Table 1.
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