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1 Introduction

Vector Autoregressive Processes (VAR) are an invaluable tool for modeling temporal and

cross-sectional interdependencies in multivariate systems, with numerous applications in

economics (Bernanke et al. (2005); Huber et al. (2023)), finance (Billio et al. (2012)),

genetics (Basu et al. (2015)) and neuroscience (Seth et al. (2015)). Theoretical properties

of the VAR model have been investigated in a frequentist and Bayesian framework by,

respectively, Lütkepohl (2005) and Bańbura et al. (2010) in the low-dimensional case, and

by Basu and Michailidis (2015) and Ghosh et al. (2018, 2021) in the high-dimensional case.

Given the complexities of modern data, several extensions of the basic VAR model

have emerged. For example, Melnyk and Banerjee (2016) introduced norm-driven sparsity

structures in autoregressive matrices, while Schweinberger et al. (2017) integrated temporal

dependence with spatial structures. Lin and Michailidis (2017) imposed a multi-block de-

pendency structure among the coordinates of the VAR system, and Park et al. (2009) and

Wang et al. (2022) explored low-dimensional factor and tensor representations of temporal

dynamics. In some cases, stability and homogeneity have been replaced by partial station-

arity (Quintos, 1998; Ding et al., 2017), heteroskedastic volatilities (Clark, 2011; Lütkepohl

and Netsunajev, 2017), and model misspecifications (Wang and Tsay, 2023). The impact

of abrupt change points on the parameters of the VAR model has been studied in the

frequentist framework, with Bai et al. (2020, 2023) focusing on low-rank, high-dimensional

cases, Hansen (2003) addressing cointegrated time series, and Lee et al. (2023) employing

CUSUM-type tests (Inclan and Tiao, 1994). Because of the duality between a prior distri-

bution and a likelihood penalization, related works are also those that detect change-points

through a penalized likelihood method, such as Chan et al. (2014) (for univariate time se-

ries) and its high-dimensional multivariate extension in Safikhani and Shojaie (2022); our

method, through its data-driven hyperparameter choice, can avoid the tuning intrinsic of
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any penalized method, and can provide an intuitive quantification of the uncertainty, for

which we can estimate a whole posterior distribution of any change-point location.

Shimizu (2022) studies the asymptotic identification of a change-point in a Bayesian

framework, but in the setting of a single break in a single series with no temporal depen-

dence. To the best of our knowledge, extensions to VAR processes with change-points are

limited, with the exception of Xuan and Murphy (2007) and Knoblauch and Damoulas

(2018), but whose theoretical guarantees focus on regime parameters rather than on the

correct identification of change-points. Consistent identification of change points through

a univariate version of our marginal likelihood is studied in Du et al. (2016): our product

of Matrix Normal Wishart prior on the regime parameters is the multivariate extension of

the prior suggested by theoretical and practical performance considerations in the univari-

ate setting of Du et al. (2016). A good empirical performance in detecting change points

through the proposed marginal likelihood is also testified in the multivariate setting by

Smith and Timmermann (2021) and Maheu and Song (2018), respectively in a multivari-

ate financial returns model with breaks and in the design of an efficient filtering algorithm;

we complement these works by providing theoretical justification to a marginal likelihood-

based change point detection method and a data-driven hyperparameter specification. See

also Ahelegbey et al. (2025) for a graph-based VAR model with change points, applied to

Covid data. We build on Shimizu (2022) by incorporating temporal dependence in the

data subject to structural breaks, by extending the framework to multiple time series, and

by proving consistency under both non-conjugate priors and multiple change-points.

In more detail, our study investigates the theoretical properties of a VAR model with

breaks, by analyzing the behavior of the marginal posterior distribution of change-point

locations. We establish posterior ratio consistency, as defined by Cao et al. (2019) and

Castelletti and Peluso (2022, 2023), first for a single change-point and conjugate regime

parameter priors, under conditions where the competing model commits a finite error in
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the change-point location or where the error vanishes at a rate slower than the sample size.

Additionally, a weaker form of posterior consistency, more in line with Shimizu (2022),

is recovered when the change-point location error diminishes at a rate proportional to the

sample size, under minimal conditions on the data proportions within the incorrect regimes.

We extend these results to non-conjugate priors, under specific conditions on the prior and

the true generating process, and to multiple change-points, restricting the analysis to cases

where estimated regimes are contaminated by at most one adjacent regime. Simulated

experiments validate our theoretical findings, and the applications to macroeconomic data

demonstrate the utility of our methodology compared to established alternatives.

The statistical model is developed in Section 2.1 (likelihood part) and 2.2 (prior dis-

tributions), whilst in Section 2.3 we detail a training sample approach to specify the hy-

perparameters. The theoretical results are discussed in Section 3, for the conjugate regime

parameter priors and one single change-point (Section 3.1), and for non-conjugate and mis-

specified priors and multiple change-points (Section 3.2). The results from simulated and

real data are discussed in Sections 4.1, 4.2 and 4.3, while conclusions and further research

possibilities are proposed in Section 5. Appendices report proofs, hyperparameter specifi-

cations and details on the computation of the marginal likelihood in different scenarios.

2 Model development

2.1 Vector autoregressive process with regimes

Let yt ∈ Rq be a vector of observations measured at time t, for t = 1, 2, . . . , n. The whole

time sequence {1, 2, . . . , n} is partitioned by m change-points tn1 < tn2 < · · · < tnm into

m + 1 adjacent regimes Nni = {t : tn,i−1 ≤ t < tni}, for i = 1, . . . ,m + 1, of cardinalities

n1, . . . , nm, where tn0 := 1 and tn,m+1 := n + 1. Henceforth, for simplicity of notation,

dependence on n is omitted, and for instance Nni and tni are Ni and ti. Within the generic
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i-th regime, we assume Vector Autoregressive (VAR, West and Harrison (2006)) dynamics

of order K ≥ 1:

yt =
K∑
k=1

Bi
kyt−k + ϵt, t ∈ Ni (1)

where Bi
k are q× q lag matrices, and ϵt|Ωi ∼ Nq (0, (Ω

i)−1) is a q-variate time-independent

Gaussian error, with regime-specific precision matrix Ωi. We stack all ni observations in

Y i = (yti−1
, . . . ,yti−1)

⊤, a ni × q matrix, and define Yn =
(
Y 1⊤,Y 2⊤, . . . ,Y m+1⊤)⊤ as

the whole n × q data matrix. In addition, we collect all lagged observations of Equa-

tion (1) in zt = (y⊤
t−1, . . . ,y

⊤
t−K)

⊤ and then all measurements of the i-th regime in Zi =

(zti−1
, . . . ,zti−1)

⊤, a ni × Kq matrix. In this way we rewrite (1) for all measurements in

the more concise matrix form

Y i = ZiBi +Ei,

where Bi = (Bi
1, . . . ,B

i
K)

⊤ of dimension Kq × q stacks by row the K lag matrices, and

Ei = (ϵti−1
, . . . , ϵti−1)

⊤ is the ni × q Gaussian error matrix. Within this framework, we

have a Matrix-Normal distribution (Dawid (1981)) for the error matrix,

Ei |Ωi,Ni ∼ Nni×q

(
0ni×q, Ini

, (Ωi)−1
)
,

or, equivalently, vec(Ei) |Ωi,Ni ∼ Nniq (0niq, (Ω
i)−1 ⊗ Ini

), a niq-variate Gaussian distri-

bution. The conditional density associated with the i-th regime is then, for i = 1, . . . ,m+1

and N0 := ∅,

f
(
Y i |Bi,Ωi,Zi

)
=

|Ωi|ni/2

(2π)niq/2
exp

{
−1

2
tr

[
Ωi

((
Bi − B̂i

)⊤
Zi⊤Zi

(
Bi − B̂i

)
+ Êi⊤Êi

)]}
,

where Êi = Y i − ZiB̂i and B̂i =
(
Zi⊤Zi

)−1
Zi⊤Y i. A similar expression can be found,

for instance in Consonni et al. (2017) in the context of a graphical model, and in Paci
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and Consonni (2020) in a VAR context. In the current setting, however, the presence of

change-points requires that the conditioning on Y 1, . . . ,Y i−1 be explicit as some elements

of Zi belong to previous regimes.

Finally, denote with θ the vector containing all the distinct regime parameters, that is

the (m+ 1) (Kq2 + q(q + 1)/2)-dimensional vector

θ =
((

θ1
)⊤

, . . . ,
(
θm+1

)⊤)⊤
=
(
vec(Bi)⊤, vech(Ωi)⊤; i = 1, . . . ,m+ 1

)⊤
,

with vech(·) being the half-vectorization (vectorization of the weakly lower triangular

part of a matrix); then we can explicit the whole likelihood as f(Yn|θ, t1, . . . , tm) =∏m+1
i=1 f (Y i|θi,Zi) .

2.2 Change-point process and priors

In the previous subsection, we assume knowledge of the regimes Ni, i = 1, . . . ,m + 1,

or equivalently of the change-points ti = 1 + ⌊nτi⌋, i = 1, . . . ,m, where τi denotes the

proportion of data before the occurrence of the i-th change-point. Then, the cardinality of

the i-th regime can also be expressed as ni = ⌊nτi⌋−⌊nτi−1⌋, approximated by n(τi− τi−1)

for sufficiently large samples, and τ0 := 0. The vector (τ1, . . . , τm), together with the sample

size n, is associated with a latent state process (S1, . . . , Sn), where St = i indicates that

the time instant t belongs to the i-th regime, that is t ∈ Ni. Following Chib (1998), the

state variables can either retain the current state or move to the next higher state, with a

prior probability of, respectively p(St+1 = i+1|St = i, ωi) = ωi. Then, ωi denotes the prior

probability of a change from the i-th regime. Fixing ωi ∼ Beta(αi, βi), the marginalization

of ωi results in the following prior on the change-point locations and on the number of
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change-points m < n:

pn ((τ1, . . . , τm),M = m) = p ((T1, . . . , Tm) = (t1, . . . , tm),M = m)

= p(Tm+1 > n |Tm = tm)
m∏
i=1

p(Ti = ti |Ti−1 = ti−1)

=
m+1∏
i=1

B(αi + 1(i ≤ m), βi + ni − 1)

B(αi, βi)
, (2)

where B(·, ·) denotes the Beta function. Given m change-points, a conjugate prior for the

regime parameter θ is

p(θ) =
m+1∏
i=1

p
(
Bi |Ωi

)
p
(
Ωi
)

where

p
(
Bi |Ωi

)
= NKq×q

(
B,C−1, (Ωi)−1

)
,

p
(
Ωi
)

= Wq(a,R),

a product of Matrix Normal Wishart prior distribution, whereB is the prior expected value

of Bi, C is the prior row precision matrix of dimension Kq×Kq, R is a q×q positive semi-

definite matrix, and a is a scalar strictly greater than q − 1, so that E (Ωi) = aR−1. We

fix the hyper-parameters to be the same in all regimes for notational convenience, but they

can be extended to be regime-dependent without substantial modifications to the model.

The prior density is therefore

p
(
Bi,Ωi

)
=

|Ωi|
a+q(K−1)−1

2

K(C,R, a)
exp

{
−1

2
tr
(
Ωi
[
(Bi −B)⊤C(Bi −B) +R

])}
,

with

K(C,R, a) =
(2π)

Kq2

2 2
aq
2 Γq(

a
2
)

|C| q2 |R|a2
, (3)
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where Γq

(
a
2

)
= π

q(q−1)
4

∏q
j=1 Γ

(
a
2
+ 1−j

2

)
is the q-dimensional gamma function evaluated at

a/2, and the prior normalizing constant is K(C,R, a)m+1.

2.3 Training-sample specification of the prior hyperparameters

The Matrix Normal-Wishart prior introduced in the previous subsection requires specifi-

cation of the hyperparameters (B,C,R, a). Rather than fixing these quantities through

subjective elicitation or by imposing generic shrinkage assumptions, we determine them

from a short training sample preceding the period used for posterior inference. This pro-

duces a prior that is adapted to the scale and dynamic properties of the observed time

series while remaining fully conjugate.

Let the first n0 observations constitute the training sample, with corresponding response

matrix Yn0 and design matrix Xn0 . Estimation of the unrestricted VAR model by ordinary

least squares yields the coefficient estimate

B̂n0 = (X⊤
n0
Xn0)

−1X⊤
n0
Yn0 ,

together with the residual precision estimate

Ω̂n0 =

(
(Yn0 −Xn0B̂n0)

⊤(Yn0 −Xn0B̂n0)

n0 −Kq

)−1

,

where Kq denotes the number of regressors in each equation.

Conditional on Ω, the sampling distribution of the least-squares estimator is

B̂n0 | Ω ∼ MNKq×q

(
B, (X⊤

n0
Xn0)

−1,Ω−1
)
.

Accordingly, we specify the prior by matching its location and dispersion to this sampling
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distribution,

B = B̂n0 , C = X⊤
n0
Xn0 , R = (a− q − 1)Ω̂n0 ,

where a > q − 1 determines the prior degrees of freedom of the Wishart distribution. The

resulting prior therefore has the form

Bi | Ωi ∼ MNKq×q

(
B̂n0 , (X

⊤
n0
Xn0)

−1, (Ωi)−1
)
,

for each regime i = 1, . . . ,m+ 1.

This construction follows the training-sample prior approach, for example, Chib and

Zeng (2020). The prior mean is centered at parameter estimates obtained from a training

sample under exactly the same likelihood specification employed in the subsequent analysis,

while the prior covariance reproduces the sampling covariance of the maximum likelihood

estimator from the training sample. Consequently, the prior is internally consistent with

the statistical model and preserves the conjugate Matrix Normal-Wishart structure, leading

to the closed-form posterior updates derived in the next subsection.

The present specification also differs from the Minnesota prior that is widely used in

Bayesian VAR analysis. The Minnesota prior achieves shrinkage through a collection of

hyperparameters governing overall tightness, cross-variable shrinkage, and lag decay, and

it typically centers the coefficient on the first own lag at unity. While such assumptions

can be useful in forecasting applications involving highly persistent variables in levels, they

are less compelling for stationary macroeconomic and financial variables such as growth

rates, inflation, returns, and spreads. The training-sample prior adopted here requires no

distinction between own and cross lags, imposes no unit-root centering assumptions, and

introduces no coefficient-specific shrinkage parameters. Instead, the prior is determined

directly from the information contained in the training sample under the maintained VAR

model, yielding a specification that is parsimonious, data-adaptive, and fully coherent with
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the likelihood.

3 Theoretical results

3.1 Marginal likelihood and change-point detection

In this section, we derive the marginal likelihood and the marginal posterior probability

of the change-point locations, and we establish that the posterior is asymptotically able

to recover the true configuration. The results take the form of posterior ratio consistency,

specifically that the posterior odds against any incorrect configuration vanish as the sample

size grows. This result is derived for a succession of increasingly demanding cases, namely

an error in the estimated regime proportion that remains fixed, an error that vanishes at a

rate slower than the sample size, a prior that is no longer conjugate, and a specification with

an arbitrary number of change-points. Throughout, the term marginal refers to integration

over the model parameters. The likelihood and the posterior are computed given the

number of change-points and their locations. Finally, P̄ denotes the probability measure

induced by the true data generating process, and oP̄ (1) denotes a term that converges to

zero in P̄ -probability.

Algebraic manipulations show that the posterior distribution of the parameter vector θ

given the regimes and the number of change-points is

p(θ |Yn,m, t1, . . . , tm) =
m+1∏
i=1

p
(
Bi,Ωi |Y i,Zi

)
, (4)

such that

p
(
Bi |Ωi,Y i,Zi

)
= NKq×q

(
B

i
, (Ci)−1, (Ωi)−1

)
,

p
(
Ωi |Y i,Zi

)
= Wq

(
a+ ni,R+ Êi⊤Êi +Di

)
,

(5)
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where Ci = C +Zi⊤Zi, B
i
= (Ci)−1(Zi⊤Y i +CiB) is the posterior expectation matrix

of Bi, and Di = (B − B̂i)⊤{C−1 + (Zi⊤Zi)−1}−1(B − B̂i) is a measure of discrepancy

between B and B̂i (prior and data).

Using prior and posterior densities in Equations 16 and 4, and yt =
∑K

k=1B
i
kyt−k + ϵt,

for t ∈ Ni in the i-th regime, with implied likelihood expression derived in Section 2.1, we

can compute the marginal likelihood (Chib, 1995) as

m(Yn |m, t1, . . . , tm) =
f (Yn |θ,m, t1, . . . , tm) p(θ |m, t1, . . . , tm)

p(θ |Yn,m, t1, . . . , tm)
(6)

= (2π)−nq/2
m+1∏
i=1

K(Ci,R+ Êi⊤Êi +Di, a+ ni)

K(C,R, a)
,

where the function K(·, ·, ·) is defined in (16) as the normalizing constant of the Matrix

Normal-Wishart distribution, used with prior (at the denominator of (6)) and posterior (at

the numerator) arguments. The details of the marginal likelihood computation are reported

as Supplementary Material. Exploiting the one-to-one relationship between change-point

locations and regimes, the posterior probability of the number and locations of change-

points is therefore easily implied as proportional to the product of the above expression

and the prior in (2).

We now state our main assumption of piecewise stationarity, at the base of all subse-

quent results. Following Chan et al. (2014) and Safikhani and Shojaie (2022), we impose

stationarity in each regime, through roots of regime-specific determinantal equations lying

outside the unit circle.

Definition 3.1 (Piecewise stationarity). For i = 1, . . . ,m + 1, where m is the number of

change points, if the roots of
∣∣∣Iq −∑K

j=1B
i
0jz

j
∣∣∣ = 0 are such that |z| > 1, the q-variate

VAR process of order K in Equation (1) is said to be piecewise stationary.

In the next proposition, we show that, in case of a unique unknown change-point, the

posterior probability will favor the correct one, when the alternative model commits a finite
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error γ in the estimated change-point location.

Proposition 3.1 (Posterior ratio consistency: fixed error). Given a true proportion of

data τ01 in the first regime, and γ ∈ (−1, 1) such that 0 < |γ| < min{τ01, 1 − τ01}, under

piecewise stationarity we have, with P̄ -probability 1, as n → ∞, that p(τ1=τ01+γ,M=1|Yn)
p(τ1=τ01,M=1|Yn)

→ 0.

Proof. See Supplementary Material.

The same posterior ratio consistency can also be reached when the estimation error in

the regime proportion is not fixed but it vanishes at a rate lower than the sample size, as

shown in the next proposition.

Proposition 3.2 (Posterior ratio consistency: vanishing error). Given a true propor-

tion of data τ01 in the first regime, and for any δn ∈ R \ {0} such that |δn| → ∞ and

|δn|/n → 0, under piecewise stationarity we have, with P̄ -probability 1, as n → ∞, that

p(τ1=τ01+δn/n,M=1|Yn)
p(τ1=τ01,M=1|Yn)

→ 0.

Proof. See Supplementary Material.

Next, we establish a posterior consistency result, specifically marginal posterior con-

sistency, when the estimation error in the proportion of data attributed to the regimes

decreases at a rate of n−1, as studied in Shimizu (2022). This form of consistency is

weaker than posterior ratio consistency, since marginal posterior consistency requires an

asymptotically null probability in the complement of the ball around the true change-point,

instead of an asymptotically null pointwise posterior density on any wrong change-point.

Intuitively, the stronger form of consistency of the previous two propositions cannot be

established, since the errors of the wrong models are converging to zero too fast.

Proposition 3.3 (Marginal posterior consistency). Let τ01 be the true proportion of data in

the first regime and Bc
d(τ) = (τ − d, τ + d)c, for some d > 0. Under piecewise stationarity
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we have. with P̄ probability 1, that
∫
Bc

ϵ/n
(τ01)

p(τ1 = τ,M = 1|Yn)dτ → 0 for all ϵ > 0

sufficiently large.

Proof. See Supplementary Material.

The above proposition indicates that models assuming a change-point located at a

distance of ϵ/n from the true τ0 will be assigned a vanishing marginal posterior probability.

Our result extends Theorem 1 of Shimizu (2022) in several directions: it accounts for

temporal dependence, multiple time series, and moves from a Normal-gamma conjugate

prior to a Matrix Normal-Wishart prior. Intuitively, when the error in the change-point

of the alternative model decreases rapidly, identifying the correct model becomes more

challenging. Furthermore, it is crucial that the error term ϵ in ϵ/n is sufficiently large,

meeting a lower bound specified in the proof. This bound depends on the matrices Ω1
0 and

Ω2
0 and the proportions τ01 and 1− τ01 of the data in the two regimes

In summary, the distinction between the three propositions lies in the rate at which

the alternative model’s change-point error diminishes with n. When the misspecification

error is fixed (a finite fraction of the sample), the competing likelihood is separated from

the truth by a Kullback–Leibler divergence bounded away from zero, causing the posterior

ratio to decay exponentially fast. In contrast, when the error vanishes at a slower rate

than 1/n, the divergence shrinks with n, and the posterior still concentrates on the true

model, but at a slower, polynomial rate. Finally, when the error decreases to the order 1/n,

the two models become locally indistinguishable, and only marginal posterior consistency

can be established. This hierarchy of results mirrors the increasing difficulty in separating

models whose regime partitions are progressively closer in total variation distance.
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3.2 Extension to non-conjugacy and to multiple changes

In this section, we extend previous results to accommodate any choice of prior distribution,

including non-conjugate priors. In such cases, the posterior density associated with spe-

cific change-point locations is no longer available in closed form. Building on the work of

Garel and Hallin (1995), we examine the Local Asymptotic Normality (LAN) of the model

within regimes, leading to a Gaussian asymptotic approximation of the posterior distribu-

tion of the regime parameters. Specifically, under regularity conditions on the roots of the

characteristic polynomial and bounded moments of the innovations, the log-likelihood dif-

ference between a local perturbation θi = θi
0 + h/

√
n and the true parameter θi

0 in regime

i = 1, . . . ,m+ 1 admits the LAN representation

ln f(Y i|θi
0 + h/

√
n,Zi)− ln f(Y i|θi

0,Z
i) = h⊤∆n − 1

2h
⊤I(θi

0)h+ oP̄ (1),

where ∆n
d→ NKq2+q(q−1)/2 (0, I (θ

i
0)) is the score function scaled by

√
n, and I (θi

0) denotes

the Fisher information within the regime. This expansion is also valid by summing the

log-likelihoods over the different regimes, implying that, locally, the posterior density of θ

is asymptotically Gaussian

θ | Yn,m, t1, . . . , ym ≈ N(m+1)(Kq2+q(q−1)/2)

(
θ0 +

1√
n
I(θ0)

−1∆n,
1
n
I(θ0)

−1
)

(7)

regardless of the specific prior, provided the prior is positive and continuous in a neighbor-

hood of θ0. Consequently, the marginal posterior distribution of the change-point location

coincides asymptotically with that obtained under the conjugate Matrix-Normal–Wishart

prior.

We also demonstrate the asymptotic equivalence of the marginal posterior distribution

of the change-point location to that of the conjugate case under specified conditions, re-

gardless of the specific prior used. This holds within a model that assumes the correct
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location for the change-point. For models with incorrect regimes, we extend our poste-

rior ratio consistency results to the case of misspecified models, following the approach of

Shalizi (2009).

Proposition 3.4 (Posterior ratio consistency: non-conjugacy). Given a true proportion of

data τ01 in the first regime, and γ such that |γ| < min{τ01, 1− τ01}, for a prior p(θ, τ1) > 0

for all (θ, τ1) ∈ Θ × [0, 1], under piecewise stationarity we have, with P̄ -probability 1, as

n → ∞, that p(τ1=τ0+γ,M=1|Yn)
p(T1=t∗n,M=1|Yn)

→ 0.

Proof. See Supplementary Material.

It is instructive to see that in the proof of Proposition 3.4 the usual Kullback–Leibler

divergence of a VAR model, ln
(
|Ω0|/|Ω|

)
(Feutrill and Roughan 2021), is generalized to the

case of a possibly misspecified change-point. When n01 = n (no change-point) and δn = 0

(no misspecification) for all n, it reduces to the standard Kullback –Leibler divergence.

We now extend the results of Section 3.1 to the case of a generic number m of change-

points, under the restriction that, in the alternative models, each estimated regime may

include only a limited number of observations from adjacent (incorrect) regimes.

Proposition 3.5 (Posterior ratio consistency: multiple change-points). Given the true

proportions of data τ0k in the k-th regime, for k = 1, . . . ,m, and γk ∈ R different from zero

for some k, if Nk ∩ N0,k−1 ∩ N0,k+1 = ∅ for all regimes, under piecewise stationarity we

have, with P̄ -probability 1, as n → ∞, that p(τ1=τ01+γ1,...,τm=τ0m+γm,M=m|Yn)
p(τ1=τ01,...,τm=τ0m,M=m|Yn)

→ 0.

Proof. See Supplementary Material.

The assumption Nk ∩N0,k−1∩N0,k+1 = ∅ in Proposition 3.5 is due to technical reasons,

and we believe it is not too limiting since it restricts the comparison to alternative models

where the estimated change points are not excessively inaccurate, in the sense that their

corresponding estimated regimes can incorrectly incorporate observations from at most
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one adjacent regime. For instance, for the case with m = 2 change-points, this means

excluding from the comparison the scenario with γ1 < 0 and γ2 > 0, where N2 is made up

of all data in N02 and a portion of data in N01 and N03. In this scenario, with δn1 = nγ1

and δn2 = nγ2 we have
∣∣C +Z1⊤Z1

∣∣ = ∣∣∣(n01 + δn1) (Ω
1
0Y )

−1
∣∣∣ + oP̄ (1),

∣∣C +Z3⊤Z3
∣∣ =∣∣∣(n03 − δn3) (Ω

3
0Y )

−1
∣∣∣+ oP̄ (1),

∣∣C +Z2⊤Z2
∣∣ = ∣∣∣n02

(
Ω2

0Y

)−1
+ δn2

(
Ω3

0Y

)−1 − δn1
(
Ω1

0Y

)−1
∣∣∣+ oP̄ (1),

for Ωi being the stationary precision matrix of the i-th regime of the VAR process, whilst

B̂1 and B̂3 are consistent, and

B̂2 =

(
Iq +

δn2
n02

(
Ω3

0Y

)−1
Ω2

0Y − δn1
n02

(
Ω1

0Y

)−1
Ω2

0Y

)−1

B2
0

+

(
Iq +

n02

δn2

(
Ω2

0Y

)−1
Ω3

0Y − δn1
δn2

(
Ω1

0Y

)−1
Ω3

0Y

)−1

B3
0

+

(
Iq −

n02

δn1

(
Ω2

0Y

)−1
Ω1

0Y − δn2
δn1

(
Ω2

0Y

)−1
Ω1

0Y

)−1

B1
0 + oP̄ (1).

We conjecture that posterior ratio consistency can still be recovered for a form of a posterior

ratio that generalizes those derived in the proofs of the previous propositions.

We emphasize that the above result is a direct extension of Proposition 3.1 from the case

of a single change-point (m = 1) to an arbitrary number of change-points. Additionally, a

corresponding result that extends Proposition 3.2 to multiple change-points is also available

under the same conditions.
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4 Empirical settings

4.1 Simulated experiments

In the present section, we set a variety of simulated scenarios to empirically demonstrate

the model’s ability to capture the true structural breaks, in coherence with the predictions

of the above theoretical results.

In the first experiment, we computed the Bayes factor (BF) between the true model (in

the denominator) and an alternative model that estimates a change point with an error

δn to assess our ability to detect the correct change point location. We set a = q + 1 and

assume R = Iq/100, centering the precision matrices in both regimes on high variances

with significant prior uncertainty. Furthermore, we fix B = 0 and C = Iq/100, reflecting

the a priori belief in the absence of lagged dependencies among the series, albeit with high

uncertainty. Finally, αi = βi = 0.5, fixing a priori the probability of moving to the next

regime or staying in the current one.

Figure 1 displays the log BF for q = 20 time series, n ∈ {500, 1000, 2000, 5000}. This

scenario involves a change in the Bi matrix, which has random uniform elements and

stationarity imposed with the precision matrix remaining unchanged at a value randomly

extracted from a Wishart centered on the unit matrix. Similar results can be obtained

with different parameter values, and the locations of the change points are more easily

identified when the Bi matrices in the two regimes are more distinct. The central feature

of the different panels is the symmetric peak at δ = 0, which becomes progressively sharper

as n increases. This shape reflects the essence of posterior-ratio consistency: the evidence

increasingly concentrates around the true change-point as the sample size grows. Farther

away from the true location, the log BF declines sharply and symmetrically, indicating

that models with misallocated regimes are penalized. Moreover, as n grows, the curvature

near zero steepens, confirming that posterior discrimination between neighboring models
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improves at a near-exponential rate.

In Figure 2, we modified the previous setting to include a change in the precision matrix,

which was randomly extracted from a Wishart distribution centered on a unit matrix. This

adjustment made the model selection problem easier due to the increase in the difference

between the two regimes, resulting in a BF that is lower than in the previous scenario for

any level of δn.
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Figure 1: Posterior evidence for a break in the VAR coefficient matrix. Each panel
reports the true log Bayes factor (log BF) comparing an alternative model with an estimated
change-point displaced by δ observations from the true break against the correctly specified
model. The horizontal axis measures δ/n, where δ is the change-point estimation error,
expressed in number of observations by which the estimated break is shifted from the true
one (negative values indicate earlier estimated breaks, positive values later ones). The four
panels correspond to increasing sample sizes (n = 500, 1000, 2000, 5000), and within each
panel the curves represent alternative true break fractions τ01. The experiment assumes
q = 20, a change in the lag-coefficient matrix with constant precision Ω. The symmetric,
increasingly sharp peaks at δn = 0 illustrate posterior-ratio consistency: as n grows, the
evidence concentrates on the true change-point.

In the second experiment, we consider a large n setting to demonstrate the posterior

consistency of the Bayes factor. Still in the generating setting of the previous experiment
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Figure 2: Posterior evidence when both dynamics and volatility shift. Same setup
as Figure 1, except that the precision matrix also changes. Each panel reports the true
log Bayes factor (log BF) comparing an alternative model with an estimated change-point
displaced by δ observations from the true break against the correctly specified model. The
horizontal axis measures δ/n, where δ is the number of observations by which the estimated
break is shifted from the true one (negative values indicate earlier estimated breaks, positive
values later ones). The added heteroskedasticity accentuates model separation, producing
lower (more negative) log Bayes factor values away from δn = 0. Larger samples sharpen
the posterior concentration around the true break.
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with q = 20 time series, we compute log marginal likelihoods across alternative models

defined by various candidate change-point locations and true break fractions τ01 and τ02.

Table 1 summarizes results for the case with one or two possible change-points, where

τ01 denotes the true proportion of data in the first regime (with τ01 = 1 implying no

structural break) and τ02 denotes the true proportion of data up to the second regime

(with τ02 = 1 implying no second change-point). Across all specifications, the results

show near-perfect identification of the correct break location: in almost all cases, the true

model (column corresponding to the row) is selected with a probability approaching one,

while competing models with misaligned breaks are never favored. This regularity is stable

across different values of τ01 and τ02, demonstrating that even for small deviations in the

alternative models, the finite-sample posterior remains sharply concentrated around the

correct partition. This pattern indicates that the joint posterior for (τ1, τ2) concentrates

rapidly in a small neighborhood of the truth, despite the high-dimensional parameter space.

Another noteworthy feature is that the posterior uncertainty around the first change point

is slightly larger than that around the second. This asymmetry reflects the fact that

information accumulates more slowly in early subsamples, where fewer observations precede

the first break. Nonetheless, both break locations exhibit the same convergence behavior:

as n grows, the log Bayes factor surface steepens around the true configuration.

Together with Figures 1–2, these findings provide empirical confirmation that the

marginal posterior of the change-point location asymptotically concentrates on the truth

as n increases, in conformity with our posterior-ratio consistency theory.

4.2 Pseudo real data

To evaluate the performance of the marginal likelihood in identifying structural breaks,

we simulate multivariate time series that mirror the Smets–Wouters (SW) quarterly U.S.

macro data (Smets and Wouters, 2007). The DGPs are designed to preserve the persistence,
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(τ1, τ2)
(τ01, τ02) (1, ·) (0.75, 1) (0.5, 1) (0.5, 0.75) (0.25, 1) (0.25, 0.75) (0.25, 0.5)
(1, ·) -262239.8 -267280.8 -267370.2 -272283.8 -267280.7 -272285.5 -272283.5

(0.75, 1) -312618.4 -267084.7 -295266.0 -272087.7 -307415.7 -272089.9 -300177.8
(0.5, 1) -317801.0 -307299.0 -267025.2 -271990.6 -307319.6 -300077.8 -271938.7

(0.5, 0.75) -330854.6 -306312.7 -296987.5 -271306.9 -320283.0 -299099.8 -301902.5
(0.25, 1) -312219.6 -307049.5 -294887.5 -299848.5 -266678.7 -271731.2 -271732.2

(0.25, 0.75) -331592.7 -306157.3 -324904.0 -299263.5 -310182.2 -271223.2 -301768.7
(0.25, 0.5) -330558.2 -319055.7 -292990.3 -297914.3 -309477.9 -300691.0 -270155.9

Table 1: Simulated results with zero, one, or two change points. The true data proportions
in the first and second regimes are denoted by the row, and the data proportions in the
regimes in the evaluated model are denoted by the column. Cells contain averages, over 100
simulated datasets of size 5,000, of log marginal likelihoods, with best models in boldface.

cross–variable dependence, and volatility patterns observed in the empirical data. The

data–generating process (DGP) is a seven–variable VAR(4) with a single break at time

index t1 = 1+ ⌊τ01 T ⌋, where T denotes the total sample size and τ01 ∈ (0, 1). The process

is written as

yt =


B1⊤zt + ϵ1t , t < t1,

B2⊤zt + ϵ2t , t ≥ t1,

ϵit ∼ Nq

(
0,
(
Ωi
)−1
)
, i = 1, 2,

with zt = (1,y′
t−1, . . . ,y

′
t−4)

′ collecting an intercept and four lags. The parameters (Bi,Ωi)

are set in a data–driven way that ties the simulation closely to the observed data as de-

scribed in Section 2.3: the first 15% of the lagged sample are used to estimate the OLS

parameters of a VAR(4) model; based on the OLS coefficients and residual covariance from

this subsample, the Matrix Normal Wishart prior is then specified, for each regime Ni,

through the hyperparameters

B = B̂, C = Z⊤Z, R = Ω̂/a, a = q + 2,

where q = 7 is the number of time series. Under this prior, we compute the posterior

means of (Bi,Ωi) separately for the pre–break and post–break segments and use them as
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Figure 3: Posterior probabilities of change-point configurations. Each panel corresponds to
a distinct true break fraction τ01 ∈ {0.3, 0.4, 0.6, 0.7} and reports posterior probabilities av-
eraged over 100 replications of the seven-variable VAR(4) data-generating process matched
to the Smets–Wouters quarterly U.S. macro data, as described in Section 4.1. The true
break dates indicated in the panel titles are correctly detected by the log-marginal likeli-
hood criterion in all cases except the first, where the estimate is off by one quarter.

the true regime parameters when both B and Ω change. Each synthetic series is generated

sequentially so that the initial conditions reflect the empirical data.

In Figure 3, we see that for distinct true break fractions τ01 ∈ {0.3, 0.4, 0.6, 0.7},

posterior probabilities averaged over 100 replications of the seven-variable VAR(4) data-

generating process indicate that the breaks are correctly detected by the log-marginal

likelihood criterion in all cases except the first, where the estimate is off by one quarter

(one observation). We attribute this little error to the small sample size: with τ01 = 0.3,

roughly 50 observations are used to estimate a total of 224 parameters of the first regime.

4.3 Real data analysis

An extended version of the New Neoclassical Synthesis model (Rotemberg and Woodford,

1997), developed by Smets and Wouters (2007), provides a unified framework for explaining
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the joint behavior of key U.S. macroeconomic aggregates: real GDP, hours worked, con-

sumption, investment, real wages, prices, and the short-term nominal interest rate. This

model has become a benchmark in monetary policy analysis because it generates realistic

impulse responses and accurate forecasts following policy shocks.

We analyze quarterly data on the first differences of real GDP growth (dy), consumption

(dc), investment (dinve), and wages (dw), together with the steady-state normalized level

of hours worked (labobs), the inflation rate (pinfobs), and the nominal federal funds rate

(robs). These series, displayed in Figure 4, span several decades of U.S. macroeconomic

history. Detecting structural changes in their joint dynamics is of central importance, as

such changes determine how far back in time the data can be pooled when characterizing

the current macroeconomic interdependencies.

Following the empirical design of the final simulated scenario in Section 4.1, we allocate

the first 15% of the sample to estimate the hyperparameters of the product Matrix Normal–

Wishart prior, in line with the hierarchical prior construction of Chib and Zeng (2020).

For each regime Ni, the resulting hyperparameter matrices of the regime-specific priors are

reported in the Supplementary Material.

We fit two specifications of the model. In the first, which we refer to as the both varying

specification, the autoregressive matrix Bi and the shock precision Ωi are simultaneously

allowed to change at each change-point, so that the segment marginal likelihood is available

in closed form under the product Matrix Normal–Wishart prior. In the second, which we re-

fer to as the common B specification, the transition matrix B is held fixed across segments

while only the regime-specific precision matrix Ωi is permitted to break, a restriction that

is motivated by the Great Moderation hypothesis, under which the postwar decline in U.S.

macroeconomic volatility is attributed to a reduction in the size of the shocks hitting the

economy rather than to a change in the mechanism through which those shocks are prop-

agated. Because this mixed structure destroys the Matrix Normal–Wishart conjugacy, the
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Figure 4: Smets–Wouters quarterly U.S. macro data (Smets and Wouters, 2007)
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segment marginal likelihood of the second specification is no longer available analytically,

and we therefore evaluate it by the method of Chib (1995), as detailed in Appendix B.4.

Table 2 reports, for each of the two specifications and for each pair (K,m) of lag order

and number of change-points, the number of admissible configurations, the best change-

point vector τ̂ and the associated log marginal likelihood, all of them computed on the

last 85% of the data. Figure 5 complements the table with the posterior probabilities of

the leading configurations for the common B specification with a single lag, obtained con-

ditionally on a given number of change-points. Throughout the grid search we impose a

minimum regime length of 60 observations, that is fifteen years of quarterly data, both

because the restriction keeps the number of configurations that have to be compared man-

ageable, as recorded in the fourth column of the table, and because we wish to capture long

standing regimes that represent stable economic conditions rather than short lived episodes.

This constraint does not discretize the set of admissible break dates since candidate models

whose regimes differ by as little as a single observation are still compared.

The comparison between the two specifications is unambiguous, since for every pair

(K,m) the common B model attains a higher log marginal likelihood than the correspond-

ing both varying model, with gains that range from 48.790 log points at K = 1 and m = 1

to 267.583 log points atK = 3 andm = 3. The best supported model overall is the common

B specification with a single lag and two change-points, located in 1985Q3 and 2008Q2,

whose log marginal likelihood of −1559.556 exceeds that of the corresponding both varying

model by 83.577 log points and that of the best common B model with a single change-

point by 70.577 log points. The fact that the data prefer to hold the transition matrix fixed

while letting the shock precision break supports the Great Moderation hypothesis, which

asserts that the US economy experienced a structural change in volatility beginning in the

1980s. The best model places the second break in 2008, indicating that volatility changed

again at the onset of the financial crisis. Thus, the evidence is clear that one does not need
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Table 2: Smets–Wouters data: grid search over change-point locations for VAR(K) with
breaks in (B,Ω) and with breaks only inΩ. The training sample used to form the conjugate
prior runs from 1947-12-31 to 1959-06-30, and the estimation sample runs from 1959-
09-30 to 2025-06-30. The minimum regime length is set to 60 observations. For each
(K,m), the table reports the number of grid points, the best change-point vector τ̂ , and
the corresponding log marginal likelihood. Best model in boldface.

Model K m # grid points τ̂ logm(Y | m, τ)
Both varying 1 1 145 2008-06-30 -1678.923
Both varying 1 2 3,655 1985-09-30, 2008-06-30 -1643.425
Both varying 1 3 2,925 1974-09-30, 1991-03-31, 2008-06-30 -1697.748
Both varying 2 1 145 1991-03-31 -1765.591
Both varying 2 2 3,655 1985-09-30, 2008-09-30 -1763.925
Both varying 2 3 2,925 1974-06-30, 1989-09-30, 2008-09-30 -1856.595
Both varying 3 1 145 2009-03-31 -1859.347
Both varying 3 2 3,655 1985-09-30, 2010-03-31 -1892.126
Both varying 3 3 2,925 1974-06-30, 1989-06-30, 2010-03-31 -2008.967
Common B 1 1 145 2008-06-30 -1630.133
Common B 1 2 3,655 1985-09-30, 2008-06-30 -1559.556
Common B 1 3 2,925 1974-09-30, 1989-09-30, 2008-06-30 -1591.491
Common B 2 1 145 2008-12-31 -1699.613
Common B 2 2 3,655 1985-09-30, 2008-09-30 -1630.768
Common B 2 3 2,925 1974-09-30, 1989-09-30, 2008-09-30 -1662.514
Common B 3 1 145 2010-06-30 -1776.260
Common B 3 2 3,655 1985-09-30, 2008-09-30 -1710.690
Common B 3 3 2,925 1974-09-30, 1989-09-30, 2008-09-30 -1741.384

the additional regime-specific autoregressive parameters of the unrestricted specification

once the shock covariance is free to change.

A second finding, which is at least as consequential for applied practice, concerns the

lag order. Within the preferred specification, the evidence favors K = 1 at every number

of change-points, with the two break model at K = 1 improving on its K = 2 and K = 3

counterparts by 71.212 and 151.134 log points, respectively, so that a first order dynamic

specification, once it is allowed to break, is sufficient to describe the joint behavior of the

seven series. This stands in contrast with the applied literature, in which fixed coefficient

vector autoregressions of order four or higher are commonly adopted. Our reading of the

contrast is that the long lag structures estimated in the literature accommodate parameter

instability that has not been modeled explicitly. Essentially, a system whose coefficients
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Figure 5: Posterior probabilities of change-points in a VAR(1) model on the Smets–Wouters
quarterly U.S. macro data, for the specification in which the transition matrixB is common
across regimes and only Ω breaks. The top left panel is for the single change-point case,
the top right panel is for the two change-point case, and the bottom panel is for the three
change-point case. The number of change-points evaluated is indicated in the title of each
panel, and the top ten posterior probabilities are reported. Overall, the best supported
model is the one with two change-points, located in 1985Q3 and 2008Q2.

are constant over the whole sample can imitate a change of regime only by lengthening its

memory.

The two selected breaks are readily interpretable. The first change-point, in 1985Q3, is

a textbook break, since it marks the onset of the so called Great Moderation and coincides

with the Plaza Accord, in which several countries coordinated to weaken the U.S. dollar.

This period was characterized by sharp reversals in exchange-rate dynamics, spillovers

into trade balances, inflation and interest rates, and persistent effects on international

capital flows. The second change-point, in 2008Q2, captures the early stages of the Global
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Financial Crisis, the collapse of Bear Stearns, the widening of risk premia, the tightening

of credit conditions, and the commodity-price spikes that preceded the Lehman Brothers

bankruptcy in September 2008.

We also highlight a desirable stability property, namely that the identified breaks per-

sist across the two specifications and the assumed number of change-points. A break in the

neighborhood of the Global Financial Crisis is selected in the large majority of the config-

urations reported in the table, and it is present in every configuration of the preferred first

order specification, while the 1985Q3 break is selected by every two break configuration,

irrespective of the lag order and whether the transition matrix is allowed to vary. Con-

ditioned on three change-points, the leading configuration for the preferred specification

places the breaks in 1974Q3, 1989Q3, and 2008Q2, indicating that the evidence for an

additional early break locates it in the mid-1970s.

Models in Table 2 are ranked by logm(Y | K,m, τ), which is the marginal likelihood

given a lag order, a number of breaks, and a break vector. Since the entries of the table

differ in (K,m, τ), a fully Bayesian ranking should use the posterior kernel

logm(Y | K,m, τ) + log pn(τ,M = m) + log p(K), (8)

where pn(τ,M = m) is the prior in equation 2, induced from the model of Chib (1998)

on letting ωi ∼ Beta(αi, βi) with αi = βi = 0.5. Although this can be done, the addition

of log pn(τ,M = m) shifts the scores by single digits while the marginal likelihood gaps

are in the tens, so that the ordering is unchanged and the selection is driven by the data

rather than the prior. To see this, assume a uniform prior on K ∈ {1, 2, 3}. Within the

preferred common B specification, the log marginal likelihood ratios of the best model

against the second, third, and fourth best models are 31.935, 70.577, and 71.212, against

log prior ratios of 6.1055, −7.0831 , and 0.0089, so that the prior reinforces the ranking
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against the three break configuration, opposes it against the single break configuration by

an amount that the likelihood exceeds by a factor of ten, and is essentially uninformative in

the comparison across lag orders. Within both varying specifications, the corresponding log

marginal likelihood ratios are 35.498, 54.323, and 120.500, against log prior ratios of −7.08,

6.03, and 0.009, and the pattern is the same, since the largest opposing prior contribution

is an order of magnitude smaller than the marginal likelihood evidence. In summary, the

scores implied by (8), measured as deficits relative to the best model in each specification,

are those reported in Table 3. The entries in the table are monotonic in the marginal

Table 3: Posterior kernel scores implied by (8) for the four best models in each specification,
measured as deficits relative to the best model.

Specification Best Second Third Fourth

Common B 0 38.04 63.49 71.22
Both varying 0 28.42 60.35 120.51

likelihood ordering and exhibit no near reversals. Thus, the ranking obtained from the

marginal likelihood alone is preserved even after the prior is taken into account.

For comparison, we also implemented two recent detection methods: (i) the algorithm

of Li and Zhang (2024), a computationally efficient version of the gradient-descent proce-

dure of Zhang and Dawn (2023), which searches for the change-point configuration that

minimizes a sequentially updated cost function; and (ii) the single change-point procedure

of Tian and Safikhani (2024), based on sequential hypothesis tests for changes in the VAR

transition matrices. The former failed to identify any structural break, regardless of the

chosen lag order K, while the latter, which can detect only a single break, located it at

2019Q2 for every K except K = 2.
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5 Conclusions and further directions

We have studied the asymptotic detection of change-points in Vector Autoregressive Pro-

cesses, when alternative models assume incorrect locations with finite or vanishing errors.

Our approach extends Shimizu (2022) from a single series with a single change-point and

no temporal dependence to possibly non-conjugate multiple time series with temporal de-

pendence and multiple change-points. The theoretical results are validated through simu-

lations, and we demonstrate the practical utility of our model on a macroeconomics data

set, comparing its performance with established alternative methods. In further work, it

would be possible to combine the change-point modeling detailed here with segment-specific

model features that are most appropriate to the dataset at hand, such as within-segment

stochastic volatility dynamics (Chib et al., 2006), seasonalities (Baek et al., 2017), jump

components (Chan and Maheu, 2002), structural parameterizations (Arias et al., 2018), or

Minnesota-style priors (Doan et al., 1984) that induce shrinkage on the regime-specific coef-

ficients. Also, a non-zero prior mean of B implies that we are shrinking the regime-specific

parameters towards the common prior mean. With multiple regimes, a promising choice

would be to specify yet another prior on B and estimate it alongside the other parameters.

As a further interesting extension, we mention that the lag order need not be held fixed

across regimes. Because the segment marginal likelihood is available in closed form condi-

tional on the lag order, a distinct order pj can be attached to each regime and treated as a

regime-specific model index, with the number and location of the change points determined

jointly with the orders. This amounts to conducting model space exploration within seg-

ments at the same time as change point detection, in the spirit of Chib and Smith (2025),

who combine break detection with model uncertainty about the set of active predictors

within each regime. Operationally, such an extension can be implemented by combining in

a Gibbs sampler the conjugate posterior distributions of the regime parameters in Equa-
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tion (4) with the algorithm of Chib (1996), as reparameterized in Chib (1998), to sample a

latent state process representation of the change point locations and the number of change

points, augmented by a step that draws pj from its full conditional mass function over a

finite set of candidate orders.

Also, settings with an increasing number of time series q may be of scientific interest.

Notable works in this direction include Basu and Michailidis (2015) and Ghosh et al.

(2018, 2021); however, to our knowledge, no change-point analysis has been explored in

the literature. A generalization of our approach to the cases where q increases with n is

currently under investigation. We conjecture that similar proof structures can be applied,

provided that appropriate sparsity constraints are introduced in both contemporaneous and

lagged dependencies. These constraints would involve imposing conditional independences

in the precision matrices Ωi and the lag matrices Bi. In this high-dimensional context,

some of the key results we have relied on, such as the asymptotic equivalence between∣∣C +Zi⊤
0 Zi

0

∣∣ and nKq
0i |Ωi

0Y |
−1
, are no longer applicable. However, they can be replaced by

similar expressions that involve sparsity-driven submatrices of Ωi
0Y . For a similar approach

to bridging low- and high-dimensional settings within the graphical modeling framework,

see Castelletti and Peluso (2023).

Finally, it is possible to extend the proposed methodology to multivariate change points,

where multiple change point processes are linked to different subsets of the regime parame-

ters, as in Peluso et al. (2019). This allows for distinguishing the timing of regime changes

in the lag matrix from those in the covariance matrix. While such an extension is likely to

introduce additional notational complexity, it is expected to improve finite-sample perfor-

mance in identifying change-points, due to the increased number of observations available

within each parameter-specific regime.
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Appendix

A Proofs

Proof of Proposition 3.1. For the true regimes N01 and N02, we have that n01 = ⌊nτ01⌋ and

n02 = n− ⌊nτ01⌋. Then we can write, for some constant C not dependent on n,

p(τ1 = τ01,M = 1|Yn) = p(T1 = 1 + n01,M = 1|Yn)

= C
B(α1 + 1, β1 + n01 − 1)B(α2, β2 + n− n01 − 1)(∣∣C +Z1⊤

0 Z1
0

∣∣ ∣∣C +Z2⊤
0 Z2⊤

0

∣∣)q/2
·

Γq

(
a+n01

2

)
Γq

(
a+n−n01

2

)
∣∣∣R+ Ê1⊤

0 Ê2
0 +D1

∣∣∣a+n01
2
∣∣∣R+ Ê2⊤

0 Ê2
0 +D2

∣∣∣a+n−n01
2

+ oP̄ (1)
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We now notice that
∣∣C +Zi⊤

0 Zi
0

∣∣ = nKq
0i |Ωi

0Y |
−1

+ oP̄ (1), where we define the matrix Ωi
0Y

to be the unconditional stationary precision matrix of the VAR process in regime i, satifying

the matrix equation (Ωi
0Y )

−1
= Bi (Ωi

0Y )
−1

Bi⊤+(Ωi
0)

−1
. Similarly,

∣∣∣R+ Êi⊤
0 Êi

0 +Di
∣∣∣ =

nq
0i |Ωi

0|
−1

+ oP̄ (1), for i = 1, 2. For δn ∼ nγ,

p(τ1 = τ01 + γ,M = 1|Yn) = p(T1 = 1 + n01 + δn,M = 1|Yn)

= C
B(α1 + 1, β1 + n01 + δn − 1)B(α2, β2 + n02 − δn − 1)

(|C1 +Z1⊤Z1| |C2 +Z2⊤Z2|)q/2

·
Γq

(
a+n01+δn

2

)
Γq

(
a+n02−δn

2

)
∣∣∣R+ Ê1⊤Ê1 +D1

∣∣∣(a+n01+δn)/2
∣∣∣R+ Ê2⊤Ê2 +D2

∣∣∣(a+n02−δn)/2
+ oP̄ (1)

Assuming γ ∈ (0, 1− τ01), we have that n1 > nτ01+1 for n sufficiently large. Then we have∣∣C +Z2⊤Z2
∣∣ = (n02−δn)

Kq |Ω2
0Y |

−1
+oP̄ (1), and, for Wn :=

(
IKq +

δn
n01

(Ω2
0Y )

−1
Ω1

0Y

)−1

,

∣∣C +Z1⊤Z1
∣∣ =

∣∣∣n01

(
Ω1

0Y

)−1
+ δn

(
Ω2

0Y

)−1
∣∣∣+ oP̄ (1) = nKq

01

∣∣Ω1
0Y

∣∣−1
/ |Wn|+ oP̄ (1).

Similarly to above,
∣∣∣R+ Ê2⊤Ê2 +D2

∣∣∣ = (n02 − δn)
q |Ω2

0|
−1

+ oP̄ (1), whilst the equivalent

derivation in the first regime N1 is a little more involved, since B̂1 may be not consistent,

being B̂1 = WnB
1
0 + (IKq −Wn)B

2
0 + oP̄ (1). In this case it can be shown that

∣∣∣R+ Ê1⊤Ê1 +D1
∣∣∣ = nq

01

∣∣Ω1
0

∣∣−1 ·
∣∣∣∣Iq + δn
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01
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0Ξ
1
0

∣∣+ oP̄ (1).

where the q×q Ξ1
0 is clearly defined. Incidentally, we stress at this point that, if δn/n01 → 0,

then B̂1 is consistent, Wn = IKq + oP̄ (1), and the above expression reduces to nq
01 |Ω1

0|
−1

+

oP̄ (1). Also, using the approximation Γ(x + α) ∼ Γ(x)xα, for α ∈ R and x → ∞, we can

39



write, for some constant C, that Γq

(
a+ni

2

)
∼ CΓ(ni/2)

qnβ
i , where β := q

2
(a − (q − 1)/2).

Using the same approximation, we note that B(α, β + x) ∼ Γ(α)x−α, for α, β ∈ R and

x → ∞. Putting the pieces together, we have that, for δn → +∞,

p (T1 = t∗n + δn,M = 1|Yn)

p (T1 = t∗n,M = 1|Yn)
=

B(α1 + 1, β1 + n01 + δn − 1)

B(α1 + 1, β1 + n01 − 1)

B(α2, β2 + n02 − δn − 1)

B(α2, β2 + n02 − 1)

·
Γq

(
a+n01+δn

2

)
Γq

(
a+n01

2

) Γq

(
a+n02−δn

2

)
Γq

(
a+n02

2

) ∏
i=1,2

(∣∣C +Zi⊤
0 Zi

0

∣∣
|C +Zi⊤Zi|

)q/2

·

∣∣∣R+ Ê1⊤
0 Ê1

0 +D1
∣∣∣(a+n01)/2

∣∣∣R+ Ê1⊤Ê1 +D1
∣∣∣(a+n01+δn)/2

∣∣∣R+ Ê2⊤
0 Ê2

0 +D2
∣∣∣(a+n02)/2

∣∣∣R+ Ê2⊤Ê2 +D2
∣∣∣(a+n02−δn)/2

= C

(
1 +

δn
n01

)q
n01+δn

2

(∣∣Ω1
0

∣∣∣∣Ω2
0

∣∣
)δn/2 ∣∣Iq +Ω1

0Ξ
1
0

∣∣−n01+δn
2 + oP̄ (1)

Since δn ∼ γn, we have that the above posterior ratio is asymptotically equivalent to

C

∣∣∣∣ τ01
τ01 + γ

[
Ω2

0

(
Ω1

0

)−1
]γ/(τ01+γ) (

Iq +Ω1
0Ξ

1
0

)∣∣∣∣−n(τ01+γ)/2

= C
∣∣∣Ω2

0

(
Ω1

0

)−1
∣∣∣−nγ/2

((
τ01

τ01 + γ

)q q∏
j=1

(
1 + eigj

(
Ω1

0Ξ
1
0

)))−n(τ01+γ)/2

(9)

First treat the simplified case where B1
0 = B2

0 . In this case, Ξ1
0 reduces to γ

τ01
(Ω2

0)
−1

and

then

p (T1 = t∗n + δn,M = 1|Yn)

p (T1 = t∗n,M = 1|Yn)
= C

q∏
j=1

(
τ01 + γλj

τ01 + γ
λ
−γ/(τ01+γ)
j

)−n(τ01+γ)/2

+ oP̄ (1),

where λj is the j-th eigenvalue of Ω1
0 (Ω

2
0)

−1
. If λj = 1 for j = 1, . . . , q− 1 and λq = ϵ ̸= 1,

then the posterior ratio is proportional to ϵnγ/2
(

τ01+γϵ
τ01+γ

)−n(τ01+γ)/2

→ 0, and the same is

true for any eigenvalues, if at least one of them is different from one.

In the general case without imposition ofB1
0 = B2

0 , using the Woodbury matrix identity
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IKq −Wn =
(
IKq +

τ01
γ

(
Ω1

0,Y

)−1
Ω2

0,Y

)−1

we can write Ξ1
0 as follows

γ

τ01

(
Ω2

0

)−1
+
(
B1

0 −B2
0

)⊤(
Ω1

0,Y +
τ01
γ
Ω2

0,Y

)−1 (
B1

0 −B2
0

)
,

even in the case Ω1
0 = Ω2

0. Therefore, from Weyl’s inequalities we have

eigj
(
Ω1

0Ξ
1
0

)
≥ eigj

(
γ

τ01
Ω1

0

(
Ω2

0

)−1
)

= λj, (10)

so that in the general case

p (T1 = t∗n + δn,M = 1|Yn)

p (T1 = t∗n,M = 1|Yn)
≤ C

q∏
j=1

(
τ01 + γλj

τ01 + γ
λ
−τ01/(τ01+γ)
j

)−n(τ01+γ)/2

→ 0.

Finally, in a similar way, it can be shown that, when γ ∈ (−τ01, 0), δn ∼ γn → −∞, and

the posterior ratio is proportional to

(
1− δn

n02

)q
n02−δn

2
(
|Ω2

0|
|Ω1

0|

)−δn/2 ∣∣Iq +Ω2
0Ξ

2
0

∣∣−n02−δn
2

=

∣∣∣∣ 1− τ01
1− τ01 + |γ|

[
Ω1

0

(
Ω2

0

)−1
]|γ|/(1−τ01+|γ|) (

Iq +Ω2
0Ξ

2
0

)∣∣∣∣−n(1−τ01+|γ|)/2

,

where

Ξ2
0 =

|γ|
1− τ01

(
Ω2

0

)−1
+
(
B2

0 −B1
0

)⊤(
Ω2

0,Y +
1− τ01
|γ|

Ω1
0,Y

)−1 (
B2

0 −B1
0

)
,

so that also in this case posterior ratio consistency holds following the same line of reasoning

given above for positive γ, with γ, τ01,Ω
1
0, Ω

2
0 and Ξ1

0 now respectively replaced by |γ|,

1− τ01,Ω
2
0, Ω

1
0 and Ξ2

0.

Proof of Proposition 3.2. First restricting to the case of δn → +∞ and B1
0 = B2

0 , from the
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proof of Proposition 3.1, we know that the posterior ratio is proportional to

∣∣∣Ω2
0

(
Ω1

0

)−1
∣∣∣−δn/2

[(
n01

n01 + δn

)q q∏
j=1

(
1 +

δn
n01

λj

)]−(n01+δn)/2

,

where λj is the j-th eigenvalue of Ω1
0 (Ω

2
0)

−1
. The above expression is asymptotically

equivalent to

C
∣∣∣Ω2

0

(
Ω1

0

)−1
∣∣∣−δn/2

q∏
j=1

exp

[
−δn

2
(λj − 1)

]
.

When λj = 1 for j = 1, . . . , q − 1 and λq = ϵ, note that the log posterior ratio becomes

proportional to δn
2
(log ϵ− ϵ+ 1) → −∞, proving posterior ratio consistency, and the same

is true for any eigenvalues of Ω1
0 and Ω2

0, if at least one of them is different in the two

matrices. The extension of the proof to the case with B1
0 ̸= B2

0 and with δn → −∞ follows

the same structure of the proof of Proposition 3.1.

Proof of Proposition 3.3. Following the proof of Proposition 3.1, we can express the marginal

probability of the change-point as

p
(
τ1 = τ01 +

ϵ

n
,M = 1|Yn

)
= C

(
n01+δn
n01

) q
2
(n01+δn)

(2/e)qn/2∣∣∣(Ω1
0)

−1
+Ξ1

0

∣∣∣(n01+δn)/2

|Ω2
0|

−(n−n01−δn)/2
+ oP̄ (1)

= C
eϵq/2(2/e)qn/2∣∣∣(Ω1

0)
−1

+Ξ1
0

∣∣∣nτ01/2 |Ω2
0|

−n(1−τ01)/2
+ oP̄ (1),

where C is a constant not dependent on n, and similarly

p
(
τ1 = τ01 −

ϵ

n
,M = 1|Yn

)
= C

eϵq/2(2/e)qn/2∣∣∣(Ω2
0)

−1
+Ξ2

0

∣∣∣n(1−τ01)/2

|Ω1
0|

−nτ01/2
+ oP̄ (1).

The marginal posterior density outside a ball around the true model can be bounded above
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by

∫
Bc

ϵ/n
(τ0)

p(τ1 = τ,M = 1|Yn)dτ =

∫ τ0−ϵ/n

0

p(τ1 = τ,M = 1|Yn)dτ

+

∫ 1

τ0+ϵ/n

p(τ1 = τ,M = 1|Yn)dτ

≤ p
(
τ1 = τ0 −

ϵ

n
,M = 1|Yn

)(
τ01 −

ϵ

n

)
+p
(
τ1 = τ0 +

ϵ

n
,M = 1|Yn

)(
1− τ01 −

ϵ

n

)
.

The second term in the expression above converges to zero if

q(1− ln 2) + τ01 ln
∣∣∣(Ω1

0

)−1
+Ξ1

0

∣∣∣+ (1− τ01) ln
∣∣Ω2

0

∣∣ > 0.

When B1
0 = B2

0 , it is sufficient to have

q(1− ln 2) + qτ01 ln

(
ϵ

τ01
+min

j
eigj

(
Ω2

0

(
Ω1

0

)−1
))

+ ln
∣∣Ω2

0

∣∣ > 0,

that is

ϵ

τ01
> (e/2)1/τ01

∣∣Ω2
0

∣∣−1/(qτ01) −min
j

eigj

(
Ω2

0

(
Ω1

0

)−1
)
.

When B1
0 ̸= B2

0 , by Weyl’s inequalities we have

∣∣∣(Ω1
0

)−1
+Ξ1

0

∣∣∣ ≥ ∣∣∣∣(Ω1
0

)−1
+

ϵ

τ01

(
Ω2

0

)−1

∣∣∣∣ ,
and therefore the lower bound above for ϵ

τ01
is still sufficient. A similar line of reasoning

can show that the first term in the marginal posterior density converges to zero if

ϵ

1− τ01
> (e/2)1/(1−τ01)

∣∣Ω1
0

∣∣−1/(q(1−τ01)) −min
j

eigj

(
Ω1

0

(
Ω2

0

)−1
)
.
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Proof of Proposition 3.4. The model is Local Asymptotic Normal (LAN), since conditions

A1, A2 and C1-C5 in Garel and Hallin (1995) are verified for each regime. In particular,

condition A1 is the stated assumption on the determinantal equation, and condition A2

is trivially satified since the moving average part of the model is absent; conditions C1,

C2, C3 and C5 are regularity conditions on the likelihood (continuity, existence of partial

derivatives, finiteness and continuity of the expected Fisher information matrix), all satis-

fied because of the assumed normality; finally, condition C4 is on the initial value of the

stochastic process, which we always satisfy since we assume it as known. Furthermore,

note that Bi
k ∈ Rq×q and

Ωi
k ∈

⋃
n∈N

{
Ω ∈ Rq×q : Ω = Ω⊤, tr (Ω) = n, x⊤Ωx ≥ 0

}
,

for all k = 1, . . . , K and i = 1, . . . ,m + 1. Therefore the parameter space is σ-compact,

that is it is a countable union of compact subsets. The LAN property, continuous prior on

θ strictly positive around the true θ0 and σ-compactness imply a Berstein-von Mises-type

theorem (van der Vaart, 2000, Lemma 10.6) on the regime parameter posterior distribution,

under the correctly specified change-point model. In other words, for any prior respecting

the stated conditions, the posterior distribution can be asymptotically well approximated by

a Gaussian distribution that only depends on the likelihood. Then the marginal likelihood,

in light of Equation (6), will be asymptotically equivalent to the one computed in the

conjugate case.

On the other hand, when the change-point is misspecified, we need to verify the validity

of assumptions 1-7 in Shalizi (2009), for posterior distribution consistency in misspecified

models. Assumption 1 of Shalizi (2009) is merely a measurability assumption which is

valid. Assumptions 2 and 3 are on the dynamics of the likelihood ratio. In particular, it is
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required that the Kullback-Leibler divergence rate

h(θ, τ1) := lim
n→∞

1

n
E
[
ln

f (Yn |θ0,M0 = 1, t01)

f (Yn|θ,M = 1, t1)

]

exists (Assumption 2) and that

lim
n→∞

1

n
ln

f (Yn|θ0,M0 = 1, t01)

f (Yn|θ,M = 1, t1)
= h(θ, τ1),

(equipartition property, Assumption 3). This holds in our case, since it can be shown that,

with γ > 0,

2h(θ, τ1) =
n01

n
ln

∣∣Ω1
0

∣∣
|Ω1|

+
n02

n
ln

∣∣Ω2
0

∣∣
|Ω2|

+ γ ln

∣∣Ω1
∣∣

|Ω2|
+ γtr

((
Ω2

0

)−1 −
(
Ω1

0

)−1
)

+
n01

n
tr
(
Ω1

0

(
B1

0 −B2
0

)⊤
(Iq −Wn)

⊤ (Ω1
0

)−1
W−1

n (Iq −Wn)
(
B1

0 −B2
0

))
+ oP̄ (1),(11)

which is almost surely finite and continuous in n, so that Assumption 4 and 7 of Shalizi

(2009) are also respectively satisfied. An analogous expression can be found with γ < 0.

The remaining Assumptions 5 and 6 of Shalizi (2009) are related to the prior choice, and

they are always satisfied, since priors are defined to have a support that include the true

value of θ and τ1. Therefore, we can use Theorem 3 in Shalizi (2009), for which we know

that p((θ, τ1) ∈ A|Yn) → 0 on any set A with min(θ,τ1)∈A h(θ, τ1) > min(θ,τ1)∈Θ×[0,1] h(θ, τ1).

Our result then follows for A = Θ× {τ0 + γ}, γ ̸= 0 for all n.

Proof of Proposition 3.5. For a generic number m of change-points, fix δni ∼ nγi, i =
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1, . . . ,m+ 1, and δn0 = δn,m+1 = 0. Then

p(τ1 = τ01 + γ1, . . . , τm = τ0m + γm,M = m|Yn)

= p(T1 = 1 + n01 + δn1 − δn0, . . . , Tm+1 = 1 + n0m+1 + δn,m+1 − δnm,M = m|Yn)

= C
m+1∏
i=1

B(αi + 1, βi + n0i + δni − δn,i−1 − 1)

(|C +Zi⊤Zi|)q/2
Γq

(
a+n0i+δni−δn,i−1

2

)
∣∣∣R+ Êi⊤Êi +Di

∣∣∣(a+n0i+δni−δn,i−1)/2
+ oP̄ (1),

where γi denotes the error between the evaluated and true i-th change-point, chosen ap-

propriately to respect 0 < τ1 < τ2, . . . , τm < T .

With m = 2 change points, and restricting to alternative models where each regime

is contamimated by data from at most one adjacent regime, we have to distinguish three

scenarios: (a) γ1 > 0, γ2 > 0, (b) γ1 > 0, γ2 < 0 and (c) γ1 < 0, γ2 < 0. In the scenarios

with γ1 > 0, observations belonging to N02 are wrongly allocated to N1, and then we have∣∣C +Z1⊤Z1
∣∣ = ∣∣∣n01 (Ω

1
0Y )

−1
+ δn1 (Ω

2
0Y )

−1
∣∣∣+ oP̄ (1); if otherwise γ1 < 0, a portion of the

observations in the correct regime N01 will be allocated in N1, and
∣∣C +Z1⊤Z1

∣∣ = (n01 +

δn1)
q |Ω1

0Y |
−1

+ oP̄ (1). Similarly,
∣∣C +Z3⊤Z3

∣∣ = ∣∣∣n03 (Ω
3
0Y )

−1 − δn2 (Ω
2
0Y )

−1
∣∣∣ + oP̄ (1) in

those scenarios with γ2 < 0, whilst if γ2 > 0 we have
∣∣C +Z3⊤Z3

∣∣ = (n03−δn2)
q |Ω3

0Y |
−1

+

oP̄ (1). For the second regime, in scenario (a) N2 is made of a portion of data in N02 and in

N 0
3 , so that

∣∣C +Z2⊤Z2
∣∣ = ∣∣∣(n02 − δn1) (Ω

2
0Y )

−1
+ δn2 (Ω

3
0Y )

−1
∣∣∣ + oP̄ (1); in scenario (b)

N2 is made of a portion of data in N02, so that
∣∣C +Z2⊤Z2

∣∣ = (n02+δn2−δn1)
q |Ω2

0Y |
−1

+

oP̄ (1); finally, in scenario (c) N2 is made of a portion of data in N02 and in N01, so that∣∣C +Z2⊤Z2
∣∣ = ∣∣∣(n02 + δn2) (Ω

2
0Y )

−1 − δn1 (Ω
1
0Y )

−1
∣∣∣+ oP̄ (1).

Similar considerations can be developed for
∣∣∣R+ Êi⊤Êi +Di

∣∣∣, starting from the differ-

ent asymptotic expressions for B̂i =
(
Zi⊤Zi

)−1
Zi⊤Y i in the three scenarios. In scenario

(a) described above B̂3 is consistent, whilst

B̂1 =

(
Iq +

δn1
n01

(
Ω2

0Y

)−1
Ω1

0Y

)−1

B1
0 +

(
Iq +

n01

δn1

(
Ω1

0Y

)−1
Ω2

0Y

)−1

B2
0 + oP̄ (1)
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and

B̂2 =

(
Iq +

δn2
n02 − δn1

(
Ω3

0Y

)−1
Ω2

0Y

)−1

B2
0 +

(
Iq +

n02 − δn1
δn2

(
Ω2

0Y

)−1
Ω3

0Y

)−1

B3
0 + oP̄ (1).

Overall, in this scenario the posterior ratio is bounded above by

C

q∏
j=1

(
τ01 + γ1λ12j

τ01 + γ1
λ
−γ1/(τ01+γ1)
12j

)−n(τ01+γ1)/2

·
q∏

j=1

(
τ02 − τ01 − γ1 + γ2λ23j

τ02 − τ01 − γ1 + γ2
λ
−γ2/(τ02−τ01−γ1+γ2)
23j

)−n(τ01−τ01−γ1+γ2)/2

,

where λikj is the j-th eigenvalue ofΩi
0

(
Ω

(k)
0

)−1

, and an equivalent of Proposition 3.1 can be

recovered. Note that in the above expression the first term is related to the contamination

of the first regime by observations in the second regime, whilst the second term stems from

the contamination of the second regime from observations in the third regime. In scenario

(b) B̂1 behaves as in scenario (a),

B̂3 =

(
Iq −

δn2
n03

(
Ω2

0Y

)−1
Ω3

0Y

)−1

B3
0 +

(
Iq −

n03

δn2

(
Ω3

0Y

)−1
Ω2

0Y

)−1

B2
0 + oP̄ (1)

and B̂2 is consistent, so that overall the posterior ratio is asymptotically bounded above

by

C

q∏
j=1

(
τ02 − τ01 + γ2 − γ1λ21j

τ02 − τ01 + γ2 − γ1
λ
γ1/(τ02−τ01+γ2−γ1)
21j

)−n(τ02−τ01+γ2−γ1)/2

·
q∏

j=1

(
1− τ02 − γ2λ32j

1− τ02 − γ2
λ
γ2/(1−τ02−γ2)
32j

)−n(1−τ02−γ2)/2

,

for which it is again feasible to recover a result as in Proposition 3.1. Finally in scenario

(c) B̂1 is consistent, B̂3 behaves as in scenario (b), also

B̂2 =

(
Iq −

δn1
n02 − δn2

(
Ω1

0Y

)−1
Ω2

0Y

)−1

B2
0 +

(
Iq −

n02 − δn2
δn1

(
Ω2

0Y

)−1
Ω1

0Y

)−1

B1
0 + oP̄ (1),
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and posterior ratio consistency as in Proposition 3.1 is still available, since the ratio is in

the limit bounded above by

C

q∏
j=1

(
τ01 + γ1λ12j

τ01 + γ1
λ
−γ1/(τ01+γ1)
12j

)−n(τ01+γ1)/2

·
q∏

j=1

(
1− τ02 − γ2λ32j

1− τ02 − γ2
λ
γ2/(1−τ02−γ2)
32j

)−n(1−τ02−γ2)/2

.

For a general m number of change-points, we can follow the same development above.

If regimes k1, k2, . . . , kI are contaminated by observations in regimes k′
1, k

′
2, . . . , k

′
I , respec-

tively, then we can still derive posterior ratio consistency, and the posterior ratio between

the alternative model and the true one is bounded above by a product over contaminated

regimes, decaying exponentially in regime lengths:

C
I∏

i=1

q∏
j=1

( |Nki ∩N0ki |/n+ |γk|λkik′ij

τk − τk−1

λ
−|γk|/(τk−τk−1)

kik′ij

)−n(τk−τk−1)/2

→ 0.

B Marginal likelihood computations

This appendix shows the details in the derivation of the marginal likelihood of a VAR(K)

model with m change-points, under a conjugate product of Matrix Normal Wishart prior,

both in the general case where (Bi,Ωi) may change across segments, and in the restricted

cases where only Bi or only Ωi can change. For setup and notation we refer the reader to

Sections 2.1 and 2.2.
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B.1 Posterior and marginal likelihood in a single segment

Consider a single segment with data (Y ,Z) of dimensions n×q and n×Kq. The likelihood

is

f(Y | Bi,Ωi,Z) ∝ |Ω|n/2 exp
{
−1

2
tr
[
Ωi(Y −ZBi)⊤(Y −ZBi)

]}
.

The Matrix Normal Wishart prior density can be written as

p
(
Bi,Ωi

)
∝ |Ωi|

a+q(K−1)−1
2 exp

{
−1

2
tr
(
Ωi
[
(Bi −B)⊤C(Bi −B) +R

])}
.

Combining likelihood and prior, the joint posterior kernel is

p(Bi,Ωi | Y ) ∝ |Ωi|
a+n+q(K−1)−1

2 exp

{
−1

2
tr
(
ΩiRi

)}
,

where

Ri = R+ (Y −ZBi)⊤(Y −ZBi) + (Bi −B)⊤C(Bi −B).

To identify the posterior, we complete the square in Bi. Using standard matrix algebra,

the posterior for Bi conditional on Ωi is

Bi | Ωi,Y ∼ NKq×q

(
Bi, (Ci)−1, (Ωi)−1

)
,

with posterior hyperparameters

Ci = C +Z⊤Z, (12)

B
i
= (Ci)−1

(
Z⊤Y +CB

)
. (13)
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Substituting Bi into Ri yields the posterior scale matrix

Ri = R+Z⊤Z +B⊤CB −Bi⊤CiBi. (14)

Thus, the marginal posterior for Ω is

Ω | Y ∼ Wq(a+ n,Ri).

The marginal likelihood is obtained by integrating out Bi and Ωi:

m(Y ) =

∫ ∫
p(Y | Bi,Ωi) p(Bi | Ωi) p(Ωi) dBi dΩi.

Using the known Matrix Normal Wishart result, one obtains

m(Y ) = (2π)−nq/2K(Ci,Ri, a+ n)/K(C,R, a), (15)

where

K(C,R, a) =
(2π)

Kq2

2 2
aq
2 Γq(

a
2
)

|C| q2 |R|a2
, (16)

and Γq (a) = π
q(q−1)

4

∏q
j=1 Γ

(
a+ 1−j

2

)
is the q-dimensional gamma function evaluated at a.

Taking logs, the one-segment log marginal likelihood is

logm(Y ) = −nq

2
log(π)− q

2

(
log |Ci| − log |C|

)
+

a

2
log |R| − a+ n

2
log |Ri|

+ log Γq

(
a+ n

2

)
− log Γq

(a
2

)
. (17)

Equations (12)–(17) are the building blocks for both the general and restricted change–

point cases.
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B.2 Bi and Ωi free across segments

We now allow for multiple segments with both Bi and Ωi changing across segments, as in

a full structural change specification.

Let {t1, . . . , tm} denote m change-points in the sample. These split the n observations

into m+ 1 segments Ni, i = 1, . . . ,m+ 1, with segment Ni containing ni observations and

data matrices (Y i,Zi) of dimensions ni× q and ni×Kq, respectively. We assume that the

change-points do not intersect the initial training portion used to elicit (B,C,R, a), and

that each segment has ni large enough to identify a VAR(K). For each segment Ni, the

sampling model is

Y i | Bi,Ωi ∼ Nni×q

(
ZiBi, Ini

,
(
Ωi
)−1
)
,

with segment-specific parameters (Bi,Ωi). We place independent Matrix Normal Wishart

priors across segments, all sharing the same hyperparameters:

p
(
Bi |Ωi

)
= NKq×q

(
B,C−1,

(
Ωi
)−1
)
,

p
(
Ωi
)

= Wq(a,R),

independently for i = 1, . . . ,m+1. Conditional on the change-points and hyperparameters,

the likelihood factorizes as

f(Y | B1,Ω1, . . . ,Bm+1,Ωm+1) =
m+1∏
i=1

f
(
Y i|Bi,Ωi,Zi

)
,

and the prior factorizes as

p(B1,Ω1, . . . ,Bm+1,Ωm+1) =
m+1∏
i=1

p(Bi | Ωi)p(Ωi).

Hence the joint posterior kernel factorizes across segments, and so does the marginal like-
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lihood:

m(Y | t1, . . . , tm) =
∫

· · ·
∫ [m+1∏

i=1

f
(
Y i|Bi,Ωi,Zi

)
p(Bi | Ωi)p(Ωi)

]m+1∏
i=1

dBi dΩi

=
m+1∏
i=1

∫ ∫
f
(
Y i|Bi,Ωi,Zi

)
p(Bi | Ωi)p(Ωi) dBi dΩi

=
m+1∏
i=1

m(Y i | Zi). (18)

For each segmentNi, we can apply the single–segment result (15)–(17). Define the segment–

specific posterior hyperparameters:

Ci = C +Zi⊤Zi, (19)

B
i
=
(
Ci
)−1 (

Zi⊤Y i +CB
)
, (20)

Ri = R+ Y i⊤Y i +B⊤CB −B
i⊤
CiB

i
. (21)

Then the marginal likelihood for segment Ni is

m(Y i | Zi) = (2π)−niq/2K(Ci,Ri, a+ ni)/K(C,R, a). (22)

By (18), the full marginal likelihood is

m(Y | t1, . . . , tm) =
m+1∏
i=1

m(Y i | Zi),

and the log marginal likelihood becomes

logm(Y | t1, . . . , tm) =
m+1∑
i=1

logm(Y i | Zi), (23)

where each logm(Y i | Zi) is given by (17) with (n,Y ,Z) replaced by (ni,Y
i,Zi).
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Thus, in the most general case with segment–specific (Bi,Ωi), the log marginal likeli-

hood for a given set of change–points is obtained by:

1. splitting the data into segments {(Y i,Zi)}m+1
i=1 ,

2. computing
(
Ci,B

i
,Ri

)
from (19)–(21),

3. summing the segment log marginal likelihoods as in (23).

B.3 Common Ωi, segment-specific Bi

We now consider the restricted case described in the main text, where only the VAR

coefficient matricesBi are allowed to change across segments, while the innovation precision

Ω is common:

Ω1 = Ω2 = · · · = Ωm+1 = Ω.

The segment likelihoods are

Y i | Bi,Ω ∼ Nni×q(Z
iBi, Ini

, Ω), i = 1, . . . ,m+ 1.

We place independent conditionals Bi | Ω across segments with the same Matrix Normal

Wishart–style form:

Bi | Ω ∼ NKq×q

(
B, C−1, Ω−1

)
,

and a single Wishart prior on the common Ω,

Ω ∼ Wq(a,R).
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Conditional on Ω, the likelihood factorizes as

f(Y | B1, . . . ,Bm+1,Ω) =
m+1∏
i=1

f(Y i | Bi,Ω,Zi),

and the conditional priors factorize as

p(B1, . . . ,Bm+1 | Ω) =
m+1∏
i=1

p(Bi | Ω).

Thus,

f(Y | Ω) =

∫
· · ·
∫ [m+1∏

i=1

f(Y i | Bi,Ω,Zi)p(Bi | Ω)

]
m+1∏
i=1

dBi

=
m+1∏
i=1

∫
f(Y i | Bi,Ω,Zi)p(Bi | Ω) dBi

=
m+1∏
i=1

f(Y i | Ω,Zi), (24)

where now f(Y i | Ω,Zi) is the marginal of Y i given Ω, with Bi integrated out using the

Matrix Normal prior.

For a fixed segment Ni and given Ω, we combine f(Y i | Bi,Ω,Zi) and p(Bi | Ω) and

integrate out Bi. First note

f(Y i | Bi,Ω,Zi) ∝ |Ω|ni/2 exp
{
− 1

2
tr
[
Ω(Y i −ZiBi)⊤(Y i −ZiBi)

]}
,

p(Bi | Ω) ∝ |Ω|Kq/2 exp
{
− 1

2
tr
[
Ω(Bi −B)⊤C(Bi −B)

]}
.

Multiplying and collecting terms in Bi gives

f(Y i,Bi | Ω) ∝ |Ω|(ni+Kq)/2 exp
{
−1

2
tr
[
ΩQi

]}
,
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where

Qi := (Y i −ZiBi)⊤(Y i −ZiBi) + (Bi −B)⊤C(Bi −B).

Defining, as in the previous section,

Ci = C +Zi⊤Zi, B
i
=
(
Ci
)−1 (

Zi⊤Y i +CB
)
.

the quadratic form can be written as

Qi = (B
i −Bi)⊤Ci(B

i −Bi) +Ri,

where

Ri = Y i⊤Y i +B⊤CB −B
i⊤
CiB

i
.

Integrating out Bi yields

f(Y i | Ω,Zi) =

∫
f(Y i,Bi | Ω) dBi ∝ |Ω|ni/2 exp

{
− 1

2
tr
[
ΩRi

]}
.

Because the segments are conditionally independent given Ω and the priors for the Bi are

conditionally independent given Ω, we have

f(Y | Ω) =
m+1∏
i=1

f(Y i | Ω,Zi).

Using the expression above,

f(Y | Ω) ∝
m+1∏
i=1

{
|Ω|ni/2 exp

[
− 1

2
tr(ΩRi)

]}
= |Ω|n/2 exp

{
− 1

2
tr
[
ΩR+

]}
,
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where

R+ =
m+1∑
i=1

Ri.

The joint prior–likelihood for Ω given all segments is

p(Ω)f(Y | Ω) ∝ |Ω|(a−q−1)/2 exp
{
− 1

2
tr(RΩ)

}
× |Ω|n/2 exp

{
− 1

2
tr(R+Ω)

}
.

Collecting terms,

p(Ω | Y ) ∝ |Ω|(a+n−q−1)/2 exp
{
− 1

2
tr(RΩ)

}
,

where R = R+R+. This is again a Wishart kernel:

Ω | Y ∼ Wq(a+ n,R).

The marginal likelihood for all segments is

m(Y | t1, . . . , tm) =
∫

p(Ω)p(Y | Ω) dΩ.

Using the standard normalizing constant of the Wishart,

∫
|Ω|(a−q−1)/2 exp

{
− 1

2
tr(RΩ)

}
dΩ = 2−(a+n)q/2|R|−(a+n)/2Γq

(a+ n

2

)
,

and similarly for the prior with (a,R), we obtain the fully normalized marginal likelihood

m(Y | t1, . . . , tm) = (2π)−nq/2|C|(m+1)/2

(
m+1∏
i=1

∣∣Ci
∣∣−q/2

)
× |R|a/2

|R|(a+n)/2
×

Γq

(
a+n
2

)
Γq

(
a
2

) .
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Taking logs, the log marginal likelihood with common Ω and segment-specific Bi is

logm(Y | t1, . . . , tm) = −nq

2
log(2π) +

(m+ 1)

2
log |C| − q

2

m+1∑
i=1

log
∣∣Ci
∣∣

+
a

2
log |R| − a+ n

2
log |R|+ log Γq

(a+ n

2

)
− log Γq

(a
2

)
,

where

Ci = C +Zi⊤Zi, B
i
=
(
Ci
)−1 (

CB +Zi⊤Y i
)
,

R = R+
m+1∑
i=1

(
Y i⊤Y i +B⊤CB −B

i⊤
CiB

i
)
.

B.4 Common B and segment-specific Ωi

We consider a VAR(K) model withm structural breaks, where the autoregressive coefficient

matrix B1 is common across all segments, but the precision matrices Ω1, . . . ,Ωm+1 are

segment-specific. Because this mixed structure breaks the usual Normal–Inverse-Wishart

conjugacy, the marginal likelihood does not admit a closed form and must be evaluated

using the method of Chib (1995).

Model. For segment i = 1, . . . ,m + 1, let (Y i,Zi) denote the trimmed observations for

the VAR, with Y i ∈ Rni×q and Zi ∈ Rni×Kq. The likelihood is

Y i | B1,Ωi ∼ Nni×q

(
ZiB1, Ini

, Ωi
)
,

independently across segments conditional on parameters. We adopt independent priors

β ≡ vec(B1) ∼ NKq2(β0,VB), Ωi iid∼ Wq(a,R),
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with allΩi independent of β a priori. Let θ = (B1,Ω1, . . . ,Ωm+1). The marginal likelihood

m(Y |t1, . . . , tm) =
∫

f(Y | θ)p(θ) dθ

is evaluated using Chib’s identity

logm(Y |t1, . . . , tm) = log p(Y | θ∗) + log p(θ∗)− log p(θ∗ | Y ), (25)

for a high–posterior-density point θ∗ obtained from a Gibbs sampler.

Conditional posterior of Ωi | B1,Y i. Given B1, the likelihood is matrix normal and

conjugate with the Wishart prior. Thus

Ωi | B1,Y i ∼ Wq

(
a+ ni, R

i
(
B1
))

, Ri(B1) = R+ (Y i −ZiB1)⊤(Y i −ZiB1).

Both sampling and density evaluation are available in closed form.

Conditional posterior of B1 | Y ,Ω1, . . . ,Ωm+1. Let β = vec(B1). Up to a constant,

the log posterior is

log p(β | Y ,Ω1, . . . ,Ωm+1) ∝ −1

2

m+1∑
i=1

tr
[
Ωi(Y i −ZiB1)⊤(Y i −ZiB1)

]
− 1

2
(β − β0)

⊤V −1
B (β − β0).

Using standard trace and Kronecker identities, this quadratic form yields

log p(β | Y ,Ω1, . . . ,Ωm+1) ∝ −1

2
β⊤Aβ + β⊤c,

where

A = V −1
B +

m+1∑
i=1

(Ωi ⊗Zi⊤Zi), c = V −1
B β0 +

m+1∑
i=1

vec(Zi⊤Y iΩi).
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Hence

β | Y ,Ω1, . . . ,Ωm+1 ∼ NKq2(A
−1c, A−1).

Likelihood at θ∗. Because segments are conditionally independent,

log f(Y | θ∗) =
m+1∑
i=1

[
−niq

2
log(2π) +

ni

2
log |Ωi∗| − 1

2
tr
(
Ωi∗(Y i −ZiB1∗)⊤(Y i −ZiB1∗)

)]
.

Prior at θ∗. Independence implies

log p(θ∗) = log p(B1∗) +
m+1∑
i=1

log p(Ωi∗),

where

log p(B1∗) = −1

2

[
Kq2 log(2π) + log |VB|+ (β∗ − β0)

⊤V −1
B (β∗ − β0)

]
,

and log p(Ωi∗) is the Wishart log density.

Posterior ordinate. We factor

log p(θ∗ | Y ) = log p(B1∗ | Y ) +
m+1∑
i=1

log p(Ωi∗ | B1∗,Y i). (26)

The first ordinate is

p(B1∗ | Y ) =

∫
p(B1∗ | Y ,Ω1, . . . ,Ωm+1) p(Ω1, . . . ,Ωm+1 | Y ) dΩ1 · · · dΩm+1.

This is available from the draws of

Ωi(g) ∼ p(Ωi | B1∗,Y i), g = 1, . . . , G
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from the MCMC run. For each draw,

p(B1∗ | Y ,Ω1(g), . . . ,Ωm+1(g)) = NKq2
(
β∗; A(g)−1c(g), A(g)−1

)
,

where A(g) and c(g) are obtained by plugging in Ωi(g). The estimator is

p̂(B1∗ | Y ) =
1

G

G∑
g=1

p(B1∗ | Y ,Ω1(g), . . . ,Ωm+1(g)).

The second term is available in closed form from the Wishart posterior yielding

log p(θ∗ | Y ) ≈ log p̂(B1∗ | Y ) +
m+1∑
i=1

logWq(Ω
i∗; a+ ni,R

i(B1∗)).

Substituting these components into (25) yields the marginal likelihood for the VAR with

common B1 and segment-specific covariance matrices.
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